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Abstract 

In this work, based on theory of differential systems and stability theory, we are in the first stage to 

study some applications of differential systems in real-world modelling problems. Here, we propose a 

mathematical epidemic model, namely SEIR epidemic model with saturated treatment to describe the 

COVID-19 infection. Based on the next–generation matrix method and the theory of Lyapunov 

stability, we evaluate the basic reproduction number 0  and investigate the asymptotic behavior of 

disease-free equilibrium. Additionally, in the case 0 1  , we also prove the existence of a unique 

endemic equilibrium. Finally, in order to dicuss the effect of isolation control strategies, we study the 

optimal control problem for this epidemic model. 

Keywords: SEIR epidemic model with saturated treatment, basic reproduction number 0 , asymptotic 

stability, disease-free equilibrium, endemic equilibrium, optimal control problem. 

 

1. Introduction 

It is well-known that many a physical or real-life problems are formulated by using differential 

equations and partial differential equations. During three past centuries, a lot of works and 

publications have proved the importance and significance of differential equations and their 

applications in various areas of physics, chemistry, biology, engineering, economics and social 

activies, etc. Stability theory is one of the most important branches in the qualitative theory of 
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differential equations. A popular approach in the stability theory is the stability in sense of Lyapunov 

(1857-1918). Although it has been studied for a long time, the stability theory is still a field of interest 

to many mathematicians, gaining many important achievements and being widely applied in many 

fields of sciences such as physics, the process of medicine - biology, economics, mechanics, ecology, 

computer Science, epidemiology, ... To the best of our knowledge, there are various approaches and 

method when studying the asymptotic behaviors of typical differential equations. However, with the 

scope of the undergraduate student's research, we are going to carry out our study by applying a 

familiar approach that is based on linearization method and Lyapunov candicate method, see [1]. 

Along with a long history of evolutionary and development of the human, we have had to face with a 

lot of extremely epidemic diseases such as ebola, measles, SARS or COVID-19, etc. To fight against 

these pandemics, the first step is to fully study their characteristics and hence, many scientists had 

proposed various approaches to characterize the properties of epidemic diseases, in which many 

mathematicians have tried to model the dynamics of epidemic diseases based on differential systems 

and then, apply the theory of stability to study these mathematical epidemic models. In the last two 

years, humanity has faced lots of impacts on health and all aspects of human-life due to the acute 

respiratory infection caused by corona virus. This is the reason why we propose to use the theory of 

differential equations and its stability to discuss the infection and dynamics of COVID-19 ‘s spread on 

the community. 

In mid-December 2019, in Wuhan city, Hubei province, China, an outbreak of acute pneumonia 

caused by the first new strain of coronavirus was recorded. Because of its similar genetic structure to 

SARS-CoV in 2003, this virus was named SARS-Cov 2 by the World Health Organization.  On 

February 12th, 2020, the WHO announced that the official name for acute respiratory infection caused 

by a new strain of corona virus is COVID-19. 70 days after China reported its first case, the World 

Health Organization declared COVID-19 a global pandemic on March 11th, 2020 (see [14]). At that 

time, the whole world had 148,405 people infected, 66,715 infected people were being treated in 

medical facilities, 4,635 people died from COVID-19 and infection occurred in 117 countries and 

territories. The WHO's declaration of COVID-19 as a global pandemic reflects the virus ability to 

spread across geographical areas. As of April 18th, 2022, the World has recorded a total of 

504,832,780 virus infections with 6,223,606 deaths and 456,058,793 people have recovering (see 

[16]). As for Vietnam, our country has been experiencing four waves of COVID-19 infection. The first 

wave of infections peaked on April 2rd, 2020, with 158 people being treated. The second wave of 

infections peaked on August 17th, 2020, with 492 people being treated. The 3rd wave, starting on 

January 27th, 2021, in February 2021 the whole country has 631 people being treated. From the end of 

April 2021, the 4th wave began to break out and by the end of April 18th, 2022, Vietnam had recorded 

a total of 10,432,547 virus infections with 42,944 deaths and 8.936.846 people have recovering (see 

[15]).  

Based on the negative effects of the pandemic on public health and all aspects of socio-

economic life, we can see that the COVID-19 pandemic is of an extremely dangerous nature and an 

urgent task of governments is control the pandemic quickly. Developing vaccines and specific drugs 

are the usual solutions that mankind thinks about to deal with the pandemic. However, preparing, 

researching and developing the vaccines as well as specific drugs request people to understand the 

characteristics of viruses, the characteristics of infection, and can be able to predict their evolutionary 

direction. On the other hand, corona virus always has a complicated development with more and more 

variants have appear to cope with the effectiveness of vaccines and specific drugs. In addition, there is 
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often an inevitable delay from the time a new variant emerges to the time when the corresponding drug 

or vaccine is developed, and during this time, the disease can be transmitted strongly in the 

community. Therefore, the most important things to minimize the rapid spread of diseases before 

developing drugs and vaccines is understand the evolutionary laws and govern the spread of disease. 

One of the effective ways to predict the evolutionary direction of an epidemic disease is using 

mathematical models. In fact, we have two approaches to mathematical modeling of infection 

processes in populations, communities and networks, namely graph-based modeling (see [12]) and 

non-graph-based modeling (see [10]). For the scope of student inquiry, we choose non-graph-based 

modeling derived from the ideas of Kermack and McKendrick (see [10]). In this paper, authors have 

proposed a differential equation model containing three classes SIR to describe the spread of disease 

in the community. After the differential equation model is established, authors have determined the the 

basic reproduction number, disease-free equilibrium, disease equilibrium. Next, authors have used 

mathematical stability theory to investigate the asymptotic behavior of the model. Inspired by the 

work [10], many subsequent studies also established different mathematical models to investigate the 

behavior of infectious processes with assumptions, constraints and efficiency evaluation of treatments 

(see [3, 5, 7, 8, 9, 11]). Especially, it should be noted that when a healthy person directly contacts with 

an infectious person, he will get infected at a certain rate but he doesn’t immediately become an 

infectious one, i.e., he is in the state of infected but not infectious. And we call this state is exposure 

state. Some recent works have applied this idea for better modelling the transmission of COVID-19 

epidemic disease, such as [5, 7, 8]. Furthermore, due to the fact that the financial and medical 

resources of each populations or country are finite, it only has a certain maximal capacity for the 

treatment, isolation or immunization against an epidemic disease and moreover, as the number of 

infected cases reaches the maximal capacity, it leads to an unexpected scenario that there have a 

number of infected being delayed for treatment or immunization. As a result, we can see that the use 

of a saturated treatment function seems more realistic than the linear one used in some classical 

models, see [13]. 

Motivated by aforesaid, this paper aims to extend our knowledge on the theory of differential 

equation and its stability along with apply them to study some initial results on the analysis properties 

of an epidemic disease. For this aim, we proposed a modified SEIR epidemic model with saturated 

treatment function to describe the corona virus’s infection and to investigate the asymptotic behavior 

of the proposed epidemic model. Futhermore, we also apply the theory of constrainted extrema to 

study an optimal isolation control problem subject to dynamical constraints to demonstrate the effect 

of quarantine treatment on the prevention of corona virus spread. 

2. Preliminaries 

2.1. The existence and uniqueness of the solution to an initial value problem 

Consider an initial value problem.(IVP) 

( )
( ) ( )( )

( )0 0

' ,y t f t y t
IVP

y t y

 =


=

 

where 0
ny   is the initial condition and the function : n nf J    →  is a continuous function 

on a set J   containing the point ( )0 0, .t y  

Theorem 2.1 (see [1, Theorem 1] and [2, Theorem 1] ). (Picard – Lindelof Theorem) Suppose that the 

function    0 0 0: , , nf t a t a B y b− +  →  is a vector-valued function satisfying 
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(i) The function ( ),f t y  is continuous on the set    0 0 0, ,t a t a B y b− +  . As a result, there exists a 

constant 0M   such that for any ( )    0 0 0, , ,t y t a t a B y b − +  , we have ( ), .f t y M  

(ii) The function ( ),f t y  satisfies the Lipschitz condition with respect to the variable y  uniformly in 

,t  i.e., there exists a constant 0L   such that 

 ( ) ( ), ,f t y f t y L y y−  −  

for all ( ) ( )    0 0 0, , , , , .t y t y t a t a B y b − +   

Then the problem (IVP) has a unique solution ( )y t  defined on  0 0,t h t h− + , where min ,
b

h a
M

 
=  

 
. 

2.2. A comparison theorem of differential equations 

Theorem 2.2 (see [4, Theorem 1] ): Suppose that the functions , : n nf g  →  are continuous on 

the domain  

 ( ) 2
0 0, ,D t y t t a y y b=  −  −   

and denote ( ) ( )0 0,y t z t  by two any solutions of the initial value problems 

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

1 0 0 0

2 0 0 0

' , ;

' , ; ,

P y t f t y y t y

P z t g t z z t y

= =

= =
 

respectively. Then, if the initial value problem 1( )P  has a unique solution then the inequality

( ) ( ), ,f t y g t y  in D implies the inequality ( ) ( )0 0y x z x  for all 0.x x  

2.3. Some fundamental results on the stability theory of differential equations  

        Consider the following differential equations 

 ( )( ) , ( ) , 0x t f t x t t =   (1.1) 

where ( ) nx t   is the state vector of the system, : nf +  →  is a given vector-valued function 

satisfying all assumptions of Theorem 2.1. Then, we recall from [1] some following concepts 

Definition 2.1. An equilibrium (or equilibrium point) of a dynamical system generated by an 

autonomous system of ordinary differential equations (ODEs) is a solution that does not change with 

time.  

Definition 2.2 (see [1, Definition 1.1]) Assume that ( )x t  is an equilibrium point of the differential 

equations ( )1.1  defined on the interval  )0 ,t + . The equilibrium point ( )x t  is said to be: 

(i) stable if for all 0  , there exists 0   such that all solutions ( )y t  of the differential equations 

( )1.1  with ( ) ( )0 0y t x t −   exist over the  interval  )0 ,t + and satisfy 

 ( ) ( )y t x t −   for all 0.t t  

(ii) asymptotically stable if it is stable and there exists a constant 0   such that all solutions ( )y t of 

the differential equations ( )1.1  with ( ) ( )0 0y t x t −    satisfies 

https://sj.hpu2.edu.vn/
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 ( ) ( )lim 0
x

y t x t
→

− = . 

Remark: If the numbers ,   in the above definition do not depend on the initial time 0t  then we 

have the definitions of uniformly stability, uniformly asymptotically stable. 

        Now, we consider a linear differential system 

 ( ) 0'( ) , ,x t Ax t t t=   (1.2) 

where ( ) nx t   and A  is a constant real matrix of order .n  Then, we have the following theorem: 

Theorem 2.3 (see [1, Theorem 1.2]) Denote ( ) ( ) max Re : .   is the eigenvalue of AA  =  Then, we 

have 

(i) The solution 0  of  ( )1.2  is asymptotically stable  if ( ) 0.A   

(ii) The solution 0  of  ( )1.2  is unstable if ( ) 0.A   

(iii) If ( ) 0A = and all eigenvalues of A  whose real parts are equal to 0,  are  half-simple then the 

solution 0  is stable. 

Next, we study the stability of the system of differential equations whose the main part is regard as 

linear: 

 ( )( ) ( ) , ( ) .x t Ax t g t x t = +  (1.3) 

Theorem 2.4  (see [1, Theorem 1.3]) Let A  be a constant matrix and ( ), ( )g t x t be a continuous 

function for all 0,t   x   and  
( )

0

, ( )
lim 0
x

g t x t

x→
=  for all 0.t  Then, 

(i) If  ( )Re 0A  then the solution 0 of the system (1.3) is asymptotically stable.  

(ii) If ( )Re 0A   then the solution of the system (1.3) is unstable.  

Next, we consider the following autonomous nonlinear differential equations 

 ( )( ) ( ) ,x t f x t =  (1.4) 

Assume that ( )1f C D , where nD   is an open set containing the origin 0 and 0 is a critical point of 

the function f , i.e. ( )0 0f = . Denote A  by the Jacobi matrix ( )0Df  at the point 0. Then, the 

autonomous nonlinear system (1.4) can be rewritten as 

 ( )'( ) ( ) ( ) .x t Ax t g x t= +  (1.5) 

where the function ( ) ( ) ( )( ) ( ) 0 ( ).g x t f x t Df x t= −  Note that  

( )
0

( )
lim 0.
x

g x t

x→
=  

As a consequence of Theorem 2.4, we have the following result: 

Theorem 2.5  (see [1, Theorem 1.5])  (Linearization principle). The equilibrium 0x  of the 

autonomous nonlinear equation (1.4) is asymptotically stable if ( )( )Re 0 0Df   and not stable if 

( )( )Re 0 0Df  .  
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2.4. The existence of optimal solution of the optimal control problem 

Let us recall from Theorem 4.1 in [6] some results on the optimal control problem and the existence of 

its optimal solution. Indeed, we consider the following optimal control problem  ( OCP ) 

( ) ( ) ( )
0

min , ,

T

J u L x t u t dt=     

subject to the differential constraints and initial conditions: 

 
( ) ( ) ( )( )

0

' ,

(0) .

x t g x t u t

x x

 =


=

 (1.6) 

Denote the set ( )     ( )   2 2
1 2 0, 0, 0, : 0 , 1,2; 0, .ad iU u u u L T L T u t u i t T= =     =   Then, the optimal 

control problem ( )OCP  has an optimal solution *u if the following conditions are satisfied:  

(i) There exists an element adu U such that Cauchy problem ( )1.6  has at least one solution ( ).x t  

(ii) The set adU  is convex and closed. 

(iii) The function ( )( ), ( )g x t u t  is bounded by a linear function with respect to x . 

(iv) The function  ( ), ( )L x t u t  is convex in adU . 

(v) There exist constants 11; 0c   and 2c  such that: 

  ( )1 2( ), ( ) .L x t u t C u t C


 +  

3. The SEIR epidemic model with saturated treatment function 

3.1.  The formulation of the SEIR epidemic model 

        In the work, a four-compartment mathematical model for the spread and transmission of SARS-

CoV-2 on the community is formulated according to some general control strategies such as 

immunization or quarantine, namely controlled SEIR epidemic model with saturated treatment 

function. In fact, the SEIR model has some limitations for the real situations, but it provides a basic 

model for the research of different kinds of epidemic. Motivated by aforesaid, we divide the whole 

population into four following groups: 

- ( )S : is the group of susceptible people and they are the potential target of virus attack. 

- ( )E : is the group of people who have been infected by coronavirus but have not yet been able to 

transmit the epidemic disease to others. 

- ( )I : is the group of people who have been infected and are capable of transmitting the disease to 

those who come into contact with them. 

- ( )R : is the group of people who have been cured and recovered from the epidemic disease. 

        Next, we denote ( ) ( ) ( ) ( )S t ,E t ,I t ,R t  by the densities of people in Susceptible, Exposed, 

Infectious and Recovered states at time ,t  respectively. Then, the state transitions between four states 

of this epidemic model can be characterized in Figure 1.  
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Figure 1. The flowchart of epidemic model among four compartments: Susceptible, Exposed, 

Infectious, Recovered 

 

In many epidemic models, the treatment rate of infectious people is often considered to be linear, that 

is, it is proportional to the number of the infectious ones. However, it is a fact that each government 

and epidemic control strategy have just a certain maximal capacity for the treatment of the epidemic 

disease infection. That is the reason why in this work, we take into account a nonlinear treatment 

function, namely saturated treatment function, which was firstly proposed by Zhang et al. [13]. In 

addition, the parameters used in the COVID-19 transmission model are given in Table 1 . 

Table 1. Description of model parameters 

  Natural birth rate. 

  Natural death rate. 

d  Death rate due to the disease. 

  The rate of transmission from S  to E  due to contact with I . 

r  The cure rate. 

1u  Control variable representing the vaccination rate for susceptible people. 

2u  The control variable represents the infection-free rate of the exposed people. 

( ) 21 u−  The rate of infection but self-healing of the exposed people. 

c  The rate of being infectious of an exposed person. 

  The rate of the vaccine expires, the recovery node returns to the susceptible node. 

Based on these above parameters and descriptions, the controlled SEIR epidemic model can be 

formulated by the following differential equations: 

 

( )

( )

( ) ( )

( ) ( )

1 2

2

1 2

1

1 ,
1

S t IS u S u E R S

E t IS E u E cE

rI
I t cE d I

I

rI
R t R R u S u E

I

   

 




  


 =  − − + + −


 = − − −

 = − − +

+


 = − − + + −
+

 (1.7) 

where all model’s parameters are assumed to be positive.  
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3.2. The existence of a non-negative solution of the proposed model 

        First of all, we will show that the solution of the propsed controlled SEIR epidemic model (1.7)  

are always non-negative for all 0.t   For this aim, we denote 

 

( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( )4 .

T
x t S t E t I t R t

x t S t E t I t R t


+
+

=   

 
 =  + + +  

 

 

       Now, we will prove that:  

Theorem 3.1. If ( )0x +  then ( )x t +  for all 0t  . 

Proof.  By the assumption that ( )0 ,x + we can assume that ( ) ( ) ( ) ( )0 0, 0 0, 0 0, 0 0.S E I R    Now, 

we will assume by contrary that the function ( )S t  is not always positive for all 0t  , i.e., there exists 

a time 0 0t   and a constant 0   small enough such that: 

( )

( )  )

( )  )

0

0

0 0

0

0 0,

0 , .

S t

S t t t

S t t t t 

 =


  


   +

 

Then, we consider the following two cases: 

Case 1: If the function ( )I t  is non-negative for all  00,t t  then the second differential equation of the 

SEIR epidemic model (1.7) satisfies 

 ( ) ( ) ( ) ( ) ( ) ( ) ( )  2 2 0' , 0, .E t I t S t u c E t u c E t t t  = − + +  − + +   

According to the comparison principle (see [4]), we have 

 ( ) ( ) ( )  2

00 0, 0, .
u c t

E t E e t t
− + +

     

Additionally, the fourth differential equation of (1.7) becomes 

 ( )
( )
( )

( ) ( ) ( ) ( ) ( ) ( ) ( )  1 2 0' 1 , 0, ,
1

rI t
R t u S t u E t R t R t t t

I t
    


= + + − − +  − + 

+
 

which implies that ( ) ( ) ( )
0 0

t
R t R e

 − +
   for all  00, .t t  Finally, we directly obtain 

 
( ) ( ) ( ) ( ) ( ) ( ) ( )

( ) ( )

0 0 0 1 0 0 2 0

0 2 0

'

0.

S t I t S t u S t R t u E t

R t u E t

   

 

= − − + + +

= + + 
 

This inequality leads to ( ) ( )0 0S t S t =  for all 0 0t t t   +  with  a constant 0   is sufficiently small, 

which contradicts to our assumption. 

Case 2: Assume that there exist a time ( )1 00,t t  and a constant 1 0   small enough such that 

 

( )

( ) ( )

( ) ( )

1

1

1 1 1

0

0, 0,

0, , .

I t

I t t t

I t t t t 

=


  


   +

 

Then, by doing similar arguments, we can prove that ( ) ( )    1 0, 0 0, 0,E t R t t t t     and it is obvious 
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that the function ( ) 0S t   for all  10, .t t  The third differential equation of the model ( )1.7  becomes 

 ( ) ( ) ( ) ( )
( )
( )

( )1
1 1 1 1

1

' 0,
1

rI t
I t cE t d I t cE t

I t



= − + + = 

+
 

i.e., there exists 1 0   such that ( ) ( ) ( )1 1 1 10, ,I t I t t t t =   − . However, this contradicts to our 

assumption that the function ( ) ( )10, 0,I t t t   . Hence, we deduce that the function ( ) 0S t   for all 

0t  . By the similar arguments, we can also show that ( ) ( ) ( ), ,I t E t R t  are all non-negative for all 

0t  . 

On the other hand, by summing up sides by sides of the model ( )1.7 , we have 

( ) ( ) ( ) ( )( ) ( ) ( ) ( ) ( )( ) ( )' .S t E t I t R t S t E t I t R t dI t+ + + = − + + + −  

Denote ( ) ( ) ( ) ( ) ( )N t S t E t I t R t= + + + . Then, we receive 

( ) ( ) ( ) ( )' .N t N t dI t N t = − −  −  

According to the comparison principle, we get 

( ) ( ) ( ) ( )0 1 0 .t t tN t e N e e N  

  

− −     
 + − = + −   

   
 

In addition, since ( )0x +  then ( ) ( ) ( ) ( ) ( )0 0 0 0 0N S E I R



= + + +  . So we get 

( ) ( )0tN t e N

  

−    
 + −  

 
. 

Finally, we can conclude that the set +  is a positively invariant set of the system ( )1.7 .  

3.3.  Equilibrium points and the basic reproduction number 0   

It should be noted that the equilibrium points of the propsosed controlled SEIR epidemic model, 

including the disease-free equilibrium point and endemic equilibrium points, are the solution of the 

following system: 

 ( )

( )

1 2

2

1 2

0

0

0
1

1 0.
1

IS u S u E R S

IS E u E cE

rI
cE d I

I

rI
R R u S u E

I

   

 




  


 − − + + − =


− − − =


− − + =
+


− − + + − =

+

 (1.8) 

3.3.1. The disease-free equilibrium point 

We denote ( )0 0 0 0
0 , , ,E S E I R=  by a disease-free equilibrium point of the propsosed controlled SEIR 

epidemic model. Note that since the equilibrium point 0E  is  disease-free, it is true that 
0 0 0.E I= =  

Next, we consider the first and fourth equations of the system (1.8): 

( )
1

1

0

0.

u S R S

R u S

 

 

− + − =

− + + =
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By using the substitution, we get
( )

( )1

S
u

 

  

 +
=

+ +
 and 

( )
1

1

u
R

u  


=

+ +
. Therefore, we have the 

coordinate of the disease-free equilibrium point as follows: 

 
( )

( ) ( )
0 1

1 1

,0,0, .
u

E
u u

 

     

  + 
=   + + + + 

  

3.3.2. The basic reproduction number 0  

        In the epidemiological theory, the basic reproduction number 0  is an important threshold value, 

that represents the number of cases directly caused by an infectious individual throughout its 

infectious period. In order to find the basic reproduction number 0 ,  we will apply the next-

generation matrix method at the disease-free equilibrium point 0 .E  Indeed, let us consider the gain 

terms and lost terms of the controlled SEIR epidemic model (1.7) as follows: 

( )

( )

2

.
0

1

u c E
IS

rI
cE d I

I







+ + 
   
   − + + + 

 + 

 

Then, we receive the rate matrix of  new infection’s appearance at the equilibrium point 
0E  and the 

transition matrix V of infected states as follows: 

20 0

0 0

S u c
F V

c d r

 



+ +   
= =   

− + +   
 

Next, we can find the matrix 
1FV −
 as follows: 

( )
( )

( )( )

( )
( )( )( )

( )
( )( )

21
1

2

1 2 1

1
0

0
.

1
0 0

.

0 0

u c
uF V

c

u c d r d r

c

u u c d r u d r

  


  

  

     

        

−

 
  +  + +  + +=   
    + + + + + + 

  +  + 
 

+ + + + + + + + + +=  
 
 

 

Consider the characteristic equations 

( )
( )( )( )

( )
( )( )1

1 2 12. 0,

0

c

u u c d r u d rF V I

     


        



−

 +  +
−

+ + + + + + + + + +− = =

−

 

whose solutions are      

( )
( )( )( )1 2

1 2

, 0.
c

u u c d r

  
 

    

 +
= =

+ + + + + +
 

Note that the basic reproduction number 0  is the largest eigenvalue of 
1FV −
, that means 

( )

( )( )( )
0

1 2

c

u u c d r

  

    

 +
 =

+ + + + + +
. 

3.3.3. The existence of the endemic equilibrium point *E  
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        In the following, we will prove that the basic reproduction number 0  plays a key role in the 

existence of a unique endemic equilibrium point ( )* * * *
* , , ,E S E I R=  of the proposed epidemic model. 

Theorem 3.1. If the basic reproduction number 0 1   then the controlled SEIR epidemic model (1.7) 

has exactly a unique endemic equilibrium point ( )* * * *
* , , ,E S E I R= . 

Proof. Let us denote ( )* * * *
* , , ,E S E I R=  by an endemic equilibrium point of the controlled SEIR 

epidemic model (1.7). Then, by applying the substitution for the third equations of the system (1.8), 

we get 

 ( )
1

.
1

r
E d I

c I




 
= + + 

+ 
 

Next, by substituting the expression E  into the second equation of the system (1.8), we have 

( ) ( ) ( )2 2

1 1
.

1

r
S u c E u c d

I c I
  

  

 
= + + = + + + + 

+ 
 

As a consequence, the forth equation of the system (1.8) implies that 

( )

( )
( )

( )
( )

( ) ( )

1 2

2 1
2

1
1 .

1

1
. .
1 1 1

rI
R u S u E

I

u ur I r r
d I d u c

I c I c I


  


  

         

 
= + + − 

+ + 

−    
= + + + + + + + +   

+ + + + + +   

 

Finally, by substituting the terms , ,E S R  into the first equation of the system (1.8), we immediately 

obtain 

( )
( )( )

( )
( )

2

1
2

1
1 1 1

,
1

r r d r
I d u c d

c I c I I

u r
d u c

c I I

  
   

      


 

   

      
+ + + + + + + + + +      

+ + + +     

 
+ + + + + =  

+ +  

 

or equivalently, 

( ) ( )( ) ( )

( )

2 1
2

2
1 2

1

1 1 ,

u
c c I d I d u c I d r I

d d rc
c I c I I

         
 

 
     

   

 
 +  = + + + + + + + + + 

+ 

   
+ + + + + +   

+   

 

where ( ) 1
1 2 2; 1

u
d r u c    

 

 
= + + = + + + 

+ 
. 

Then, we receive the following quadratic equation 

( )( ) ( )

( )
( )

( )( )

2
1 2

1
21 1 0.

I d c c

ud rc
I c d r c d u c

     

 
      

    

+ + + −   

    
+ −  + + + + + + + + + + + =    

+ +    

 

Here, we can see that the controlled SEIR epidemic model (1.7) admits a unique endemic equilibrium 

point if the above quadratic equation has a unique positive real solution. Indeed, if the coefficient
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1 2 0c  −    then the above quadratic equation has two distinct solutions with opposite signs. As a 

result, we deducae that  

( )( ) 1
2 1

u
c c u d r   

 

 
  + + + + + 

+ 
 

which is equivalent to 
( )

( )( )( )0
2 1

1.
c

c u d r u

  

    

 +
 = 

+ + + + + +
 Hence, the proof is completed. 

3.3.4. The asymptotic behavior of the disease-free equilibrium 

Theorem 3.2. The disease-free equilibrium 0E  is locally asymptotically stable if 0 1   and unstable 

if 0 1  . In the case 0 1 = , the equilibrium point 0E  is stable but not asymptotically unstable. 

Proof. In order to investigate the local asymptotic stability of the disease-free equilibrium 0E , we will 

apply the linearization method proposed in Section 4 in [1]. With the disease-free equilibrium point

( )0 0 0 0
0 , , ,E S E I R= , the Jaccobian matrix at the disease-free equilibrium point 0E  is 

( )

( )

1 2 0

2 00

1 2

0 0
.

0 0

1

u u S

u c S
J E

c r d

u u r

   

 



  

− − − 
 

− − − =
 − − −
  − − − 

 

For simplicity in representation, we denote 1 1 2 2 3 4, , , .u u c r d        = − − = − − − = − − − = − −  

Then 

( )

( )

1 2 0

2 00

3

1 2 4

0 0
.

0 0

1

u S

S
J E

c

u u r

   

 



 

− − 
 

− =
 −
  − − 

 

The characteristic polynomial of the above Jacobi matrix is given by 

( )

( )

( )

( )

( )( ) ( )( ) ( )( )

( )( ) ( )( )

1 2 0

2 0
0

3

1 2 4

2 0 2 0

1 3 1 2 0

2 4 3

1 4 2 3 0 1 2 3 0

2 3 0 1 4 1

0 0

0 0

1

0

0 0

1 0

.

u S

S
I J E

c

u u r

S u S

c u S

u r c

cS u cS

cS u

    

  


 

  

     

      

    

              

         

+ − −

+ −
− =

− +

− − − − +

+ − − −

= + − + + + −

− − − + − +

   = + + + + − − + + −   

 = + + − + + −   

 

It should be noted that 

( )( ) ( )( )

( )( )

( )( ) ( )( ) ( )( )

( ) ( )

1 4 1 1 1

1

2 3 0 2 0

2
2 3 2 3 0

,

1 .

u u u

u

cS u c d r cS

          

    

         

     

+ + − = + + + + −

= + + + +

+ + − = + + + + + + −

= + + + −
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Therefore, we can conclude that 

If the reproduction number 0 1 = , the characteristic equation ( )0 0I J E − =  has  three negative 

eigenvalues and a zero eigenvalue with multiple one. Thus, the disease-free equilibrium 0E is stable 

but not asymptotically stable. 

If the reproduction number 0 1  , the characteristic equation ( )0 0I J E − =  has  three negative 

eigenvalues and a positive eigenvalue 0  . Thus, the disease-free equilibrium 0E is unstable. 

In the case of the reproduction number 0 1  , the equation ( ) ( )2
2 3 2 3 01     + + + −  has 

 ( ) ( ) ( )
2 2

2 3 2 3 0 2 3 2 3 04 1 4 0.        = + − − = − +    

It follows that the equation ( ) ( )2
2 3 2 3 01 0     + + + − =  has two distinct real solution whose sum 

is negative and product is positive, which means that this equation admits two negative real solutions. 

Thus, the disease-free equilibrium 0E is locally asymptotically stable. 

4. The optimal control problem for the controlled SEIR epidemic model 

4.1. The formulation of optimal control problem ( )OCP  

        In this section, we study the effectiveness of immunization and isolation treatments for reducing 

the number of infectious people and exposed people on the community. For this aim, we assume that 

the interval  0,T  is the time period over which the treatments are applied and consider the admissible 

set 

( )     ( )    ( )2 2
1 2 0, 0, 0, 0 , 0, 1,2 .ad iU u u u L T L T u t u t T i= =      =  

Here, we call the set adU  the admissible set for the problem (OCP). Next, the optimal control problem

( )OCP  for the controlled SEIR epidemic model can be descibed as follows: 

( ) ( ) ( ) 2 2
1 1 2 2

0

1 1
min

2 2

T

J u I t E t b u b u dt
 

= + + + 
   

subject to the constraint in form of the following differential system 

 

( )

( )

( ) ( )

( ) ( )

1 2

2

1 2

'

'

'
1

' 1
1

S t IS u S u E R S

I t IS E u E cE

rI
E t cE d I

I

rI
R t R R u S u E

I

   

 




  


=  − − + + −


= − − −

 = − − +

+

 = − − + + −

+

 (1.9) 

and initial condition 

 ( ) ( ) ( ) ( )0 0 00 , 0 , 0 , 0 ,oS S E E I I R R= = = =  (1.10) 

where 1 2,b b  are positive constants to keep a balance in the size of infections and input controls.  

4.2. The existence of an optimal solution to the problem (OCP) 

Next, for simplicity in representation, we denote 
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( ) ( ) ( ) ( ) ( )( )

( ( )) .
1 1

T

T

x t S t E t I t R t

rI rI
F x t IS IS

I I
 

 

=

 
=  − − 

+ + 

 

Then, we can rewrite the differential system ( )1.7  in the following compact form 

( )

( )

( )

( )

( ) ( )

( )

( )

( )

( ) ( )

( ) ( )( )

( ) ( )( )

1 2

2

1 2

1 2

2

1 2

'
1

1

1

0

0 0 0

0 0

1 0

, .

IS

u S u E R IS

u c E rI
x t

cE d I I

R u S u E rI

I

u u

u c
x t F x t

c d

u u

G x t u t



   



 

  



  





  

 − 
  − + + + 
  

− + +   = + −  − + +  
 − + + + −  
 

+ 

− + 
 

− + + = +
 − +
 

− − +  

=

 

It is easy to prove that the functions 1 2;
1

rI
IS

I



 =  =

+
 satisfy the Lipschitz condition. Thus, we 

get 

( )( ) ( )( ) ( ) ( )0, ( ) , ( ) .G x t u t G x t u t L X t X t−  −  

Therefore, Cauchy problem for the controlled SEIR epidemic model (1.7) always has a solution for all 

adu U . In order to find the optimal solution u  of the problem ( )OCP , we consider the Lagrange 

function and the Hamiltonian function given by  

( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( ) ( )

2 2
1 1 2 2

1 1
, ( ) ( )

2 2

, , , ' ,T

L x t u t I t E t b u t b u t

H x t u t t L x t u t t x t 

= + + +  

= +       

 

where ( ) ( ) ( ) ( ) ( )( )1 2 3 4, , ,
TT t t t t t    =  is called the Lagrange multiplier. Firstly, we prove the 

existence of an optimal control ( )u t  such that ( ) ( ) minJ u J u = . The proof of this assertion is 

obtained by the following lemmas: 

Lemma 4.1. For each input control adu U , the solution ( )x t  of Cauchy problem for the controlled 

SEIR epidemic model (1.7)  always exists, i.e. the set  ( , ) : adx u u U =   is non-empty. 

Lemma 4.2. The admissible set adU  is convex and closed. 

Proof.  Let , adu u U  and ( )0,1 . Due to the fact that the space    2 20, 0,L T L T  is a vector space, it 

directly gets that 

( ) ( ) ( ) ( ) ( )0 00 , 0 1 1 1,2 .i iu t u u t u i      −  − =  

The above inequalities lead to 

 ( ) ( ) ( ) ( )00 1 1,2 .i iu t u t u i  + −  =  
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Thus, the admissible set adU  is a convex subset of the space    2 20, 0, .L T L T  

In order to prove the admissible set adU  is closed, we choose an element ( ) 2 2
1 2, [0, ] [0, ]u u u L T L T=    

such that u  is the limit point of the functional sequences 

( ) ( ) ( )( )1 2, .
n nn

adu u u U=   

Then, there exists an index 0N   such that for all 0 ,n N  it yields 

 ( ) ( ) ( ) ( )

1
2 2

02

1
.

T
n n

u u u t u t dt
n

 
− = −  

   

Hence, from the completeness of the space    2 20, 0,L T L T , we get 

 ( )    2 2lim 0, 0, .
n

n
u u L T L T

→
=    

On the other hand, since ( ) ( ) ( ) ( ) ( ) ( )1 20 01 20 lim , 0 lim
n n

n n
u t u t u u t u t u

→ →
 =   =  , we deduce that adu U , 

i.e., the admissible set adU  is a closed set. 

Lemma 4.3. There exist 
1 20, 0C C   and 1   such that the inequality   ( )1 2,L x u C u t C


 +

holds. 

Proof. Using the assumption that the functions ( ) ( )  , 0, 0, ,I t E t t T   we have 

( ) ( ) ( ) ( )

  ( ) ( ) 

  ( ) ( )

  ( )

2 2
1 1 2 2

2 2
1 2 1 2

2
2 2

1 2 1 2

2

1 2

1 1
,

2 2

1
min ,

2

1
min ,

2

1
min , ,

2

L x t u t I t E t b u b u

b b u t u t

b b u t u t

b b u t

= + + +  

 +

 = +
  

=

 

where  1 1 2 2

1
min , 0, 0

2
C b b C=  =  and 2. =  

Lemma 4.4.  ( ) ( ),L x t u t    is a convex function in .adu U  

Proof.  It is straightforward since the functional ( ) ( ),L x t u t    is a sum of two convex functions. 

Lemma 4.5. The function ( ) ( )( ),G x t u t  is bounded by a linear function of the  state variable. 

Proof. Indeed, for each x + and ,adu U  we have 
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( ) ( )( )

( )

( )

( )

( )

( )

( )

( ) ( )( )
( ) ( )( )
( ) ( )( )
( ) ( )( )

1 2

1

2

3

4

0
,

001

1

1

,

,
.

,

,

IS S R

ESIS c E

ErI
G x t u t u t u tcE d I

I

ErI S
R

I

G x t u t

G x t u t

G x t u t

G x t u t

  

 





 



 − − + 
  −   − +
    
    = + +− + −    +    
  −    − + 

+ 

 
 
 

=  
 
 
 

 

Then, for each  0,t T , we have 

( ) ( )( )

( ) ( ) ( )( ) ( )

( ) ( ) ( )( ) ( )

( ) ( ) ( )( ) ( )

0 1 0

0 2

3

4

,

,

,
1

, .

S u S R G x t u t R u E

u E c E G x t u t S c E

rI
cE d I G x t u t cE d I

I

R G x t u t rI R

   


  


 


   


 − − +    + +


− − +   − +

− + −   − +
+

− +   − +

 

Therefore, the proof is completed. 

 

        Finally, we have the following theorem: 

Theorem 4.6. The optimal control problem ( )OCP  for the controlled SEIR epidemic model (1.7)  

always has an optimal solution adu U  . 

Proof.  Indeed, by using the results of some lemmas (from Lemma 1 to Lemma 5) and Theorem 4.1 in 

[6], we immediately obtained the desired conclusion. 

4.3. The sufficient condition for an optimal pair ( ),x u   

Theorem 4.7. Suppose that ( ), adx u U  +   is an optimal pair of the problem (OCP) under 

differential constraint system (1.9) and the initial condition (1.10). Then, the triplet ( ), ,x u    satisfies 

the following conditions 

(i) 

( )

( ) ( )

( ) ( )

( ) ( )

* * * * * * * * *
1 2

* * * * *
2

*
* * *

*

*
* * * * * *

1 2*

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

( )
( ) ( )

1 ( )

( )
( ) ( ) ( ) ( ) 1 ( ) ( ).

1 ( )

S t I t S t u t S t u t E t R t S t

E t I t S t u t c E t

rI t
I t cE t d I t

I t

rI t
R t R t u t S t u t E t

I t

   

 




  


  =  − − + + −

  = − + +


  = − − +
 +



 = − + + + −
+
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(ii) 

( )

( )

( )

( )

( ) ( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( )( ) ( )

( ) ( ) ( ) ( ) ( ) ( )
( )

( )
( )

( )

( ) ( ) ( )

* * * *
1 1 2 4 1

1 * *
1 2 2 2

2
* *

1 2 3 3 42 23 * *

4

1 4

1

1

1 ( ) 1 ( )

I t t u t I t t t u t
t

t u t c u t t
t

r r
S t t S t t d t t tt

I t I t
t

t t

     


  


       
 


   

 − − − + +
   
   + − + +
   
  =  

− + − + − +   
  + + 

    
− +  

. 

(iii) ( ) ( )0 0 0 0 00 , , , .x x S E I R = =  

(iv) ( ) ( )0 0.T = =  

Proof. According to the definition of Hamiltonian function, we have 

( ) ( ) ( ) ( )( ) ( ) ( ) 
0

, , .

T

TJ u H x t u t t t x t dt  = −   

Next, we apply the Pontryagin extremum principle (see [6]) to investigate the sufficient conditions for 

the optimality of the problem ( )OCP . Next, let ( ) ( ) ( )u t u t u t= +  and ( ) ( ) ( )x t x t x t= + . Then 

( ) ( ) ( )

( ) ( ) ( )( ) ( ) ( )  ( ) ( ) ( )( ) ( ) ( ) 

( ) ( ) ( ) ( ) ( )( ) ( ) ( ) ( )( )

( ) ( ) ( ) ( )

( ) ( ) ( )( ) ( ) ( ) ( ) ( )( ) ( )

0

0

0

0 0

, , , ,

, , , ,

, , , ,

T

T T

T

T

T

T TT T

J u J u J u

H x t u t t t x t H x t u t t t x t dt

H x t x t u t u t t H x t u t t dt

t x t x t x t dt

H H
x t u t t x t x t u t t u t dt

x u

   

   

 

   



 

  

   

 

   

 = −

 = −  − − 
  

 = + + −
 

 −  + −
 

 
     

=  +          
 

−







 

( ) ( )( ) ( ) ( )
2 2

0

.

T

T t x t dt o x t o u t      + +   
   

 

Moreover, we have 

( ) ( )( ) ( ) ( ) ( )( ) ( ) ( ) ( ) ( )( ) ( )
0 0

0 0 0

.

T T T
T T TT T T Tt x t dt t x t t x t dt t x t t x t dt         

  =  −  =  −     

Then, the pair that ( ),x u   minimizes the functional ( )J u  if the following expression is fulfilled 

( ) ( ) ( ) ( ) ( )
0

0

' 0, , .

T T T
TTH H

t x t u t dt x x t x u
x u

      
    

−  +  +  =          

Therefore, we receive the following system: 
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( )

( ) ( )
0

'

0

0.
TT

H
t

x

H

u

x x t



 


= 




=


  =



 (1.11) 

Note that 

( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( )

2
1 2 1 1 2 2 2

1 4 1 2

1

2

1
1 1

H I E b u t IS u S u E R t IS c u E

rI rI
t cE d I t R u S u E

I I

       

     
 

= + + +  − − + + + + − + +      

   
+ − + − + − + + + −   

+ +   

 

Hence, the differential equation ( )'
H

t
x




=


is equivalent to 

( )

( )

( )

( )

( ) ( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( )( ) ( )

( ) ( ) ( ) ( ) ( ) ( )
( )

( )
( )

( )

( ) ( ) ( )

1 1 2 4 1

1
1 2 2 2

2

1 2 3 3 43 2 2

4

1 4

'
1

'

1'
1 ( ) 1 ( )

'

I t t u t I t t t u t
t

t u t c u t t
t

r r
S t t S t t d t t tt

I t I t
t

t t

     


  


       
 


   

− − − + + 
   

+ − + +   
   =
   − + − + − +
   + +
    

− +  

. 

In addition, the differential equation 0
H

u


=


 can be rewritten as 

( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( ) ( )
1 1 1 1 4

2 2 1 2 4

2

0

1 0

H

u b u t S t t S t

b u t E t t E t t R tH

u

 

   

 
   − +     = =     + − + −   
 
 

. 

Hence, the proof is completed. 

 

Remark 4.7. The system of conditions (1.11) represents the Euler-Lagrange equations for the optimal 

control problem (OCP) to the controlled SEIR epidemic model, which gives the sufficient conditions 

for the optimality of the considered problem (OCP). 

 

5. Some simulations and discussions: 

       In this section, we are going to present some discussions based on the realistic data of Vietnam’s 

population and COVID-19 pandemic statistical data in Vietnam (see [15 – 17] for more details) to 

demonstrate the effectiveness of theoretical results. Since our aim is to study the coronavirus epidemic 

disease when it is a pandemic and is reaching a peak, we will use the data on April 6th, 2022 to 

estimate the model’s parameters and provide the initial inputs for the proposed epidemic model. 

Indeed, since the natural birth rate in Vietnam at this time is 15,502 children per 1000 persons and the 

natural birth rate is 6,546 per 1000 persons (see [17]). According to the data in [17], the total 

population of Vietnam on April 6th, 2022 is  98,878,883.N =  In addition, according to the statistical 

data in [15], the number of dead persons due to coronavirus is 42.768, the number of confirmed 

COVID-19 infected persons is 495,358,778 and the number of recovered persons is 8,455,673. (These 

data is counted from the beginning of the pandemic). Therefore, we can estimate some parameters as 
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follows: 

 
3

15,502 15,502
0.15678

98,878,883

6,546
0.0662

98,878,883

42, 768
4, 2195 10

10,135, 789

8, 455, 675
0.834.

10,135, 789

1000 1000

1000

N

d

r



−

 = = =

= =

= = 

= =

 



 

These other parameters are assumed to be 2
0.18, 1.1 10 , 0.0102 0.7, 6, .c   −

= =  = = =  In addition, at 

this time, it is informed that the number of infectious persons is 49,124, the number of recovered is 

130,273 and assume that the number of exposed persons that are being quarantined or self-quarantined 

is 1,760,061. Thus, we set up the initial data for the proposed controlled SEIR epidemic model as 

follows: 

( ) ( ) ( ) ( )( )

( ) ( ) ( )

0 0 0 0 96,939, 425

0 1,760,061; 0 49,124; 0 130, 273.

S N E I R

E I R

= − + + =

= = =
 

        The sensitivity analysis of parameters studies how different uncertainty sources contribute to an 

epidemic model’s overall uncertainty and the sensitivity indices allow us to estimate the relative 

change of the basic reproduction number 
0

  when a parameter changes. Now, based on the work of 

Nakul et al. (see [9]), the sensitivity index of a quantity X  depending on a parameter   can be 

determined by: 

 00
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        From the above computations, we can conclude that the threshold value 
0

  is the most sensitive 

with the natural birth rate and the disease transmission rate .  Indeed, each increase of 10% in the 

value of these parameters will experience an increase of the basic reproduction number 
0

  at the 
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same percentage. On the other hand, it is true that the increases of three parameters , ,r d  and two 

input controls will stifle the epidemic disease spread since they make the basic reproduction number 

become smaller, while the bigger values of the parameters c and  will make the value of basic 

reproduction number go up. In order to illustrate the effects of the model’s parameters to the basic 

reproduction number, the readers can see Figure 2. 

 

Figure 2. The sensitivity indices of the epidemic model’s parameters 

 

6. Conclusions 

        In this paper, we investigated a modified SEIR epidemic model with nonlinear treatment function 

to study the transmission of COVID -19 in the community. We evaluated the basic reproduction 

number 
0

 , that is an important threshold value in the epidemiological theory and proved the 

relationship between this value and the local asymptotic stability of disease-free equilibrium as well as 

the existence of a unique epidemic equilibrium.  Furthermore, we also formulated an isolation and 

immunization optimal control problem for the proposed SEIR epidemic model. These theoretical 

results along with numerical simulations proved that applying the quarantine treatment and 

immunization for exposed and infectious individuals is an effective way to control and fight against 

the pandemic. 
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