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Abstract

In this article, we will prove an algebraic dependence theorem for meromorphic mappings into a complex
projective space sharing few moving hyperplanes with different truncated multiplicity. Moreover, we also
consider the weaker condition:

Vifiap <k, SVgay, <k, imstead of Vg oy j ZVigay <k
for some moving hyperplanes a; among the given moving hyperplanes. In order to implement this, besides
using the technique reported by S. D. Quang in (Two meromorphic mappings having the same inverse
images of some moving hyperplanes with truncated multiplicity, Rocky Mountain J. Math., vol. 52, no. 1,
pp. 263-273, 2022) we have to separate the 2n + 2 moving hyperplanes a; from the given p+1 moving
hyperplanes. After that, we count multiples of the intersection of the inverse images of the mappings f and
g sharing these moving hyperplanes. Our result is an improvement of many previous results in this topic.

Keywords: Nevanlinna theory, algebraic dependence, meromorphic mapping, hyperplanes

1. Introduction

From the “four and five values” theorems of R. Nevanlinna [1], many authors generalized the
above results to the case of meromorphic mappings sharing fixed hyperplanes in P"( C) . Recently,
through the utilization of novel second main theorems for moving hyperplanes with truncated counting
functions, as introduced by authors such as M. Ru and S. Stoll [2], M. Ru and J. T. Wang [3], D. D.
Thai and S. D. Quang [4]-[6]...., many researches into this topic concerning mappings sharing moving
hyperplanes has been conducted intensively and these studies have been referenced in [7]-[18].
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Firstly, we recall the result of H. Fujimoto [19] in 1999. He showed that there exists a positive
integer lo such that if two meromorphic mappings f and g have the same inverse images counted with
multiplicity lo for 2n + 2 fixed hyperplanes in general position in P”( C) then the mapping f X g is
algebraically degenerate. In 2022, S. D. Quang [12] extended above result for two mappings sharing
moving hyperplanes with different multiplicities. The purpose of this paper is to extend the result of S.
D. Quang in the case where these two mappings not only have the same inverse images counted

different multiplicities but also consider the weaker condition “v . <v ” instead of
(f.a).<k; (g.a). <k,

« = ” for some moving h lanes a; among the given moving hyperplanes.
”(f,u,.).sk,. p(g.a’_)’skl_ or some moving hyperplanes a; among the given moving hyperplanes

Here, we denote by "v,, <" the divisor of distinct zeros with multiplicities not exceeding k; if the zeros

have multiplicities which are greater than k, their multiplicities just equal to k. Namely, we prove the
following theorem.

Theorem 1.1.

Let £, £2 be two meromorphic mappings of C™ into P*( C) . Let p (= 2n + 1) and {kl.}f?:ll
be positive integers or co and let {f;tl.}'!?:]1 be meromorphic mappings of C™ into P*(C)”" in general
position which are slow with respect to f* and f2 with ( f ',ai.) £0,(f2, a) #0.Set

3n’g(q-2) &1

=12 YN =
A 2 2k
PR
2 =l
|
where 4 = P+ . Assume that
n+2
If y(f‘.n;.).sk:;b(f:,nf).sk,.’ 1<i<2n+2, andv(f‘.n,.),skjs D(f3.n,.}.5k,.’ 2n+2<i<p+1.
min{A,A,} >0 @))
max{A;,A,} >0 (2)

thenthe map f !'x f 2into P?( C) x P"( C) is algebraically degenerate over %{ai}fill .

With the same assumption as Theorem 1.1, the following corollary is an improvement of S. D.
Quang [12] in the special case where p = 2n + 1.

Corollary 1.2
If 51 2 then the map f !'x f2 into P(C) x P"( C) is algebraically degenerate
=k 3n’g(q-2)
over%{ai}?r{z.

2. Basic notions and auxiliary results from Nevanlinna theory

Let ¢ be a non-zero meromorphic function on C™”. Now, we will use the standard notation from
R. Nevanlinna theory due to [9], [13]. As usual, we denote by N[;‘“( r), NEDML L) N[;)‘”)k( r) the

counting functions of the divisors v v Y >!\respectively, and we denote by T(r,qp) the
P @, < P,>K

characteristic function, m(r,qo) the proximity function of ¢, where ¢ is a meromorphic function on
C™. For brevity we will omit the superscript ™ if M = oo.
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Let £:C™ - P"(C) be a meromorphic mapping. For arbitrarily fixed homogeneous coordinates
(wo:...:wn) on P*(C), we take a reduced representation f = (fy, ..., f,,) which means that each f; is a
holomorphic function on C™ and f(z) =(f0(z):...:f”(z)) outside the analytic set I(f) = {fy = - =

fo = 0} of codimension > 2. Set ||f| = (Ifo|? + - + |f, | Y2

Throughout this paper, by the notation “|| P> we mean the assertion P holds for all r € [0,00)
excluding a Borel subset E of the interval [0,00) with fdr < oo
E

Proposition 2.1
Let f be a nonzero meromorphic function on C™. Then

o

I (2 fm )=0(log* () (a €27).

Let @l (g =n+ 1) be ¢ meromorphic mappings of C™ into the dual space P"(C) *with
reduced representations a; = (a;g, ..., ain) (1 <i <q) We say that a],...,aqare located in general
position if det(ai [) 0 forany 1< i <i <-<i <q. Let /lm be the field of all meromorphic functions

k
a,
on C™, Denote by %{al_}?: | C/%’m the smallest subfield which contains C and all —~ with a, #0.

a
il
Throughout this paper, if without any notification, the notation & always stands for @{ai}?= -

We call each meromorphic mapping of C™ into P(C)* a moving hyperplane in P"(C) . A
moving hyperplane a in P”( C) is said to be “slow” (with respect to f) if || Ta(r) = ()(Tf(r)).

Let N be a positive integer and let V be a projective subvariety of PV(C). Take a homogeneous

coordinates (wo:...:wN) of PM(C). Let F be a meromorphic mapping of C™ into V with a
representation F = (Fy, ..., ).
Definition 2.2

The meromorphic mapping F is said to be algebraically degenerate over a subfield &% of ﬂm if
there exists a homogeneous polynomial Q € @[wo,...,a)N] with the form

Q(Z)(cuu,...,a}N)= 2. al(z)(u],

16.7“,

N

H H — . . . I _ io iN —(: :
= . = G = =
where d is an mteger, jd {(lo _____ lN)' qu(d’jznlf d},aIEJf and w w ...wN for I (!()""’IN)’ such

that
(i) Q(2)(F (2),....F (z))=00n C™,
(ii) there 3 z € C" with Q()(F (2).....F () 0 on V.

Let f and g be two meromorphic mappings of C” into P"( C) with representations f =
(fo, -, fu) and g = (go, -+, gn)-

We consider P"( C) x P"( C) as a projective subvariety of P *1*~1(C) by Segre embedding.
Then the map f X g into P#( C) x P*( C) is algebraically degenerate over a subfield % of ﬂm if

there exists a nontrivial polynomial
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Q(z)(wo,...,wn,a) ',...,wn') = 2. Z a (Do'n",

0
=(; n+1
1=(i t)EZ J= 00 o "

. '
Pt +[" d J + +J“ d

where d, d' are positive integers, a, € A, such that
@) (2).-..f (2).g (2.8 (2)) =0
Let a: C"~>P"(C)" be a meromorphic mapping. Suppose that a have reduced representation
(ag, ..., a,). We put (f,a): = 2_f a .. The definition of this function depends on the choices of reduced
j=o b

representation a, but its divisor v does not depend on that. Similarly, we define the proximity

(f.a)
function m, a(r) and the first main theorem for moving hyperplanes (see [20]) as follows.
Tf(r) + Ta(r) = mf‘“(r) + N(f,ﬂ)(r).

Proposition 2.3 (see [5], Theorem 1.3).
Let f:C"->P*C) be a meromorphic mapping. Let {ai}?:l(q >(n—k)(k+1)+n+2) be
meromorphic mappings of C™ into P*(C)" in the general position such that (f,ai) #£0, 1<i<q, where

rankﬂ(f ) =k +1. Then we have

T(r)g ZN[” (r)+0(T (r)) +0o( max T (r))

k+2 f Igigqg 4
Proposition 2.4 (see [3]).

Let f = (fo, ..., f,) be a reduced representation of a meromorphic mapping f of C into P"(C).
Assume that fo is a holomorphic function with fototf +f , =0 If %fr_::o for all
I1<{0,...,n+1},then

n+1
1T (r) < Z NU(r) +0(T (r)).
f =0 7 f
Proposition 2.5 (see [20], Theorem 5.2.29).

Let f be a nonzero meromorphic function on C™ with a reduced representation f = (fy, ..., fn)-
Suppose that fk #(, then

n

f. f.
7(r,=2) < T(rf) < Z1(r,=2) +0(1).
Iy FE I

3. Proof of Theorem 1.1

LetHl’“"Han be 2n + 1 hyperplanes of P"(C) in general position given by
Hi:xi0w0+ +xinwn =0(1<i<2n+1).
We consider the rational map @: P"(C) x P"(C) - P**(C)as follows:
For v =(v0:v1:...:vn),w =(w :w W ) € P*(C), we define the value
@(v,w) =(u]:...:u ) € P?(C) by

2n+1

https://sj.hpu2.edu.vn 6
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+...+
xf()v() xiuvn

u =

Lox w oo txw '
i 0

in n

0
Lemma 3.1 (see [19], Proposition 5.9).
The map @ is a birational map of P"(C)x P"(C) to P*(C). Let a...a, . be2n+1 moving
hyperplanes of P"(C) in general position with reduced representations
a; = (a9, a;n) 1<i<2n+1)
Let £ and £2 be two meromorphic mappings of C” into P"(C) with reduced representations

fr=Us, fid)and f2 = (f, .. fi)

(fla)
(1<i<2n+1)and h =T[h for each subset | of {1,.. 2n + 1}. Set
(fz,aj) I' jer i

f={1=(i1,...,i1); I<i <..<i <2n+1}.

Define hi =

Lemma 3.2 (see [15]).

If there exist functions A€ (%{a,}?’:‘ (1€.%), not all zero, such that
2.Ah =0,
ier 11

then the map ' x 2 into P"(C) x P"(C) is algebraically degenerate over @{ai}f’;T].

Lemma 3.3 (see [15]).
Let f be a meromorphic mapping of C into P"(C) and let apa be moving hyperplanes of

n+l

P"(C) in general position. Then for each regular point zo of the analytic subset ‘U {(z: (f,ai)(z) =0}

i=1

with Z ¢ I(f), we have

in 10 (z)<v0 (z)
mmn v z )<wv z.),
l<i<n+l (f.a‘.) 0 det® 0

where I(f) denotes the indeterminacy set of f and @ is the matrix (aij;l <isn+1,0<j<n).

Proof of Theorem 1.1.

By changing the homogeneous coordinates of [P"(C) if necessary, we may assume that a * 0 for
a..
all<i<p+ 1.Weset2iij=—l“',
a

i a, n n
a=(—,—,.., ).(Fla)=2a f! and (f2a)=2a f>

0 "o %0 bog=0 [jfj boj=0 ”ff
We suppose contrarily that the map ! x 2 is algebraically non-degenerate over %{aj}f:[‘. We

(')
(a)

(1<i<2n+2).

sethl_=
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R, (FLa )(%a,
Then - ' /1 does not depend on the choice of representations of f1 and f2. Since
h 02‘ gl,a
n
Zauf’—hEZajf =0(1<i<2n+2) itimplies that
¢:=det(djp,..., in, Aighi, ..., Aiph;; 1 <i<2n+2) =0. 3)
For each subset 7 c {1,2,...,p + 1}, puth =[I4.. We denote
ier '’
J={(il,...,i”+|);l i <..<i o <2n+2)

Foreach7=(i ,...,i )€.¥, define
1 n+1

(n + l)(n +2) .

(4 1)n+2) |

=(-1) 2 : ””det(ﬁ_l; lSrSn+I,OSlSn)det(c7H; 1<s<n+1,0<1<n),

where J=(jl,...,j”+1) €.7 such that TUJ={1,2,....2n +2}. We have
ZA h,=0.
1es
We take a partition of .¥ =.7 U...U.7, with the following properties:
01 ﬂI =@, 1<t<s<k.

o ZAh =0, 1<t <k.
rer, 11

. ZA h, 20 for any proper subset 7 of .7, 1 <z <k.
I1€F

Foreach 1 <t <k, we set n[=ﬁfr—2 and assume that .7, = {Im, ) }. We denote by F;

W
’ (n’+1 t

the meromorphic mapping from €™ into P (C) with the presentation (A, h, :.:A k). Foreach

0or " Or nt nt
1<i<2n+2, we define S(i) the set of all indices j # i such that there exist .7,, two elements
II'€.7, satisfying

Firstly, we will prove following Claim.
Claim. For each 1<i<2n+2, #5(i) >n + 1, we have
2 p+l 2n+2 i i
T(r X ]< a(a- )[Z T+ = sz(r)j+o(T(r)) v jes(i),

i —1|

and

T[ h}z“qz 2)(_2 T3 sz(r)]wa(r» vjes()

p+1
where g = wa |
n

https://sj.hpu2.edu.vn 8
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Without loss of generality, we prove the claim for i = n + 2. Indeed, suppose contrarily that
#5(n +2) <n,we may assume that 1,...,n + 1 ¢ S(n +2). Put . =(1,...,n+1) and suppose that I, €5
Since f!x 2 is algebraically non-degenerate,

n|+l "(Z)

2 A (2 =0, vz e where w/ =T Za ( )w and v/(z) =TT Za A2

s=0 s| \I(Z) i€lj= i€lj=

We take a point z, which is not zero neither pole of any A;, not pole of any « , not in the
if

indeterminacy loci of all a; and such that the family of hyperplanes {ai(zo) }fi’;‘ is in general position

2n+2 n|+l W\i(:)

in P"(C). For the point w =(w :....v )€ N a(z) We have T oA () Y =0
i=n+3 1 ctia+2) Lo "o V’u(:)
$=0 0

So there exists 1£s'£n1+l such that 15-'1C“"“’”*'z}"'s']#m' Therefore n+2EIs,]and

h
1

h
_0__n*2 for some j€{l,...n+1}. This contradicts the supposition that 1,....n+1&S(n+2).
J
h h
I.\'I "

Hence, we must have #S(n +2) >n+1. Now for j € S(n +2), we may assume that there exist .7, two
elements /,I' € .7 satisfying

h h
o
h, h
1 n+2
Assuming that F; has a reduced representation Fl=(uA‘, hy, Ak ),.where u is a

01 01 n l “l]

meromorphic function. Thus, by the second main theorem, we have

T[r hh—j<T(r F)<ZN[”1] +0(T (r))

n+2

n+l

<3 (NEL, NG, ) +oT(r)
2

n+l

I/\

> (NP + NI (r))+o(T (1))

us

N+

n. Y (NE (r)+NEL (0)+0(T()(r,F,) ZN&"“hu(r)w(r(r»

i=0

IN

IN

n, Y- (NE(r)+ NS (r))+o(T (1)

lel

<n Y 3 (NP + N3 () +o(T (1)

lel iel
2n+2

~0d Z(N[”(r) +NE (D) +o(T(r)

:%[zma:](r)wm(r»— 5 () @) o)

i=2n+2

https://sj.hpu2.edu.vn 9
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1‘*[Z<N§:f,ai),>ki<r>+ NE ) SoNe <r>j+o(r<r»

2 i=2n+2

Sw(ik (fla)>k(r)+ iN a)>I((I’)J+O(T(I’))

<9 2)("2 T+ _sz(r>j+o(r(r»

For j & S(n+2), since #S(j) >n +2, there exists [ € S(j) N S(n +2). Hence, by the above proof, we
have

T[r,hhj ]<2q(q2 2)(% Tfl(r)fi2 sz(r)j+o(T(r))

The claim is proved.
We see that there exist bij €Rla, }11-1:11 (n+2<i<2n+2,1<j<n+1) such that

n+1
a=2.bda,n+2<i<2n+2.
i j=1 yJ
From (3), we have
n+1 n+1
Y= (a h—Zba h a h—Zba h n+2<i<2n+2).

J,]U 1UJ”

has the rank at most.
Suppose that rank 1 <n. Then, the determinant of the square submatrix of v

n+l n+l
det(a“hi - g:l b:‘jajoh_ amht - ; buaﬁ h‘ n+2<i<2n+1)=0.
By Lemma 3.2, it follows that 7! x£? is algebraically degenerate over 9?{51‘}{’:']. This contradicts
the supposition. Hence rank y = n.

On the other hand, we have

n+1 n+1
ah—Zba h,)f"-l- +(a h—Zba hf’-O n+t2<i<2n+1,t=1,2.
i=1 ij joj j=1 Y ngtn
Thus
h' n+l h] fz) h n+l h. f‘; l
-~ 1 -~ y ~ ! ~ J -
(aiOh - Zb{jajOh ) +"'+(a[(n—])h _.gb;/aj(n—l)h )
P =l j - 1 =l 1 fn

h n+l1 h.
=—G —+Yba L, n+2<i<n+1,=1,.
in hl j=1 T inh
We consider the above identities as a system of n equations that its solution is
f
1

— (0<i<n—1,r=1,2) which has the form

https://sj.hpu2.edu.vn 10
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t t
roor
271,12 1,2

i

!
h,
where P,Q'(r=1,2) are homogeneous polynomials in I_(l <i<2n+1) of degree n. Then by
1 1 1
1
Proposition 2.1 and the above Claim, we have

T(r)gi{T(r,%)+T(r,:¢i j nl(T(r F)'i)+T(r gz)J 2n2nz+lT(r E)+0(T(r))

SW 3 (ikal(mnzkinz(r)]

2<i<2n+1ieS) \_i=1 B =1

+—2n2q(2q—2) > [%kal(rHZ sz(r)j

2<i<2n+1,igS (1) \_i=1 ™

LR PRI 2)"2 L

i l i
where the last inequality comes from the fact that there are at most n indices i ¢ S(1).
Thus

( sn’ - S9@-2 &1 JTfl(r)+£ sn’ A 2)2“22 Jsz(r)so(T(r)).

k.
This implies that
AT (r )+A2Tf2(r)50(T(r)).

Letting r = + oo., we have a contradiction with (1) and (2). This is a contradiction. Hence,
F1xf?is algebraically degenerate. The theorem is proved.

4. Conclusions

In this article, we proved an algebraic dependence theorem for meromorphic mappings into a
projective space. This is an extension of S. D. Quang’s result [12] in the case where these mappings
not only have the same inverse images counted different multiplicities but also consider the weaker
condition about this multiplicities among the given moving hyperplanes.
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