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Abstract

There are many results involving PDEs in fluid mechanics with delays and many results about
asymptotic behavior to PDEs. Navier-Stokes equations with delays have been studied extensively over
the last decades, for their important contributions to understanding fluid motion and turbulence. In this
paper we consider the modifications of the three dimensional Navier-Stokes equations: the three
dimensional Kelvin-Voigt equations involving damping and unbounded delays in a bounded domain
Q c R3. The damping term is often introduced to model energy dissipation, which can stabilize the
system. We show the existence and uniqueness of weak solutions by the Galerkin approximations
method and the energy method.
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1. Introduction

Let Q be a bounded domain in R® with a smooth boundary 0Q. In this paper, we consider the
following 3D Kelvin-Voigt equations with damping and delays in Q,

0 (u — a®Au) — vAu + Vp + k|ulf~u = g(t,u,) + h(t) in(0,T) x Q,

divu =0 in (0,T) x Q, (1
u(x,t)=0 in (0,T) x 0Q,
u(f,x) = ¢(6,x), 6 € (—o0,0],x € Q,

where v > 0 is the kinematic viscosity, ¢ > 0,k > 0,5 =1 are three constants, u = u(x,t) =
(uq,uy, u3z) is the velocity field of the fluid, p is the pressure, h is a nondelayed external force field, g
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is another external force term and contains hereditary characteristic u;, where u; is the function defined
on (—o0,0] by u;(8) = u(t + 0), 6 € (—o0, 0], uy is the initial velocity and ¢ the initial datum on the
interval.

The case ¢ = 0 and g = 0 has been studied in [1] by X. Cai and Q. Jiu, the equation (1) becomes

Navier-Stokes equation with damping.

Note that the case k = 0 and g = 0 corresponds to the classical Navier-Stokes-Voigt problem. The
existence, long-time behavior and regularity of solutions to the 3D Navier-Stokes-Voigt equations
without delays in bounded domains and unbounded domains satisfying the Poincaré inequality have
been studied by many mathematicians [2]-[11]. There are many results involving PDEs in fluid
mechanics with delays [12]-[17]. However, all the results with finite delay (constant delay, bounded
variable delay or bounded distributed delay) has been studied in the phase spaces C([—h,0);X) and
L?(—h, 0; X), with suitable Banach space X, or infinite distributed delay in C, (X), where

C,(X) = {(p € C((—,0]; X): el_i)rzlooeye<p(9) exists in X} (r >0),
is the Banach space endowed with the norm
lol,= sup e 1l @) ly.
9€(-00,0]

In this paper, following the recent work [15] we continue studying the system (1) with unbounded
variable delays in the following space

BCL_oo(X) = {p € C((—20,0]; X): Jlim_¢(0) exists in x}
which is a Banach space equipped with the norm

Il @ lpcr_oo)= eeiuP o I @(O) lly.

We will discuss the existence, uniqueness of weak solutions. The existence and uniqueness of the
solution is proved by the classic Galerkin approximation and the energy method.

The rest of the paper is organized as follows. In section 2, we will set up some spaces and lemmas
which will be used in the later sections. Section 3 will be devoted to the existence and uniqueness of
solutions of the model.

2. Preliminaries

We consider the following space:
V = {u € (€5 (Q))3: divu = 0}.
Let H be the closure of V in (L?(€))3 with the norm | - |, and inner product (-,-) defined by
(wv) =¥, [, w(x)v;(x)dx foru,v € (L*(Q))3.

We also denote V, the closure of V in (H3 (€))3 with norm |||, and associated scalar product ((-,"))
defined by

oujovj
(W) = X821 [y 5252 dx foru, v € (H5(Q)>.

We use |||l for the norm in V' and (-,-)y y, for the dual pairing between V and V'. We recall the
Stokes operator A:V — V' by (Au,v) = ((u,v)). Denote by P the Helmholtz-Leray orthogonal
projection in (Hg (€))3 onto the space V. Then Au = —PAu, for all u € D(A) = (H?(Q))3 nV. The

ax]- axi
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Stokes operator A is a positive self-adjoint operator with compact inverse. Hence there exists a complete
orthonormal set of eigenfunctions {w;}72; < H such that Aw; = A;w; and

0</11SAZS/13S"'S/1]‘—’+°°aSt_>°°-
We have the following Poincaré inequalities

Il wll?> A4 |ul? Yu€ev, ©)

[ul2 =2, Il ull?, Yu € H.
From (2), we have
[ul?> > do(Jul? +a? llulI?), Yuev,

A
1+a2l;”

a?A)"1:D(A)' - H with the following estimate
I (I +a?AD ul<a2lul, YueV'.
We define the trilinear form b on V X V X V by

where dy = Furthermore, for a > 0, the operator I + a?4 has compact inverse (I +

b(u,v,w) = ﬁj=1 fn ui%wjdx, Yu,v,w €V,
and B:V XV - V' by (B(u,v),w) = b(u,v,w). We can write B(u,v) = P[(u-V)v]. It is easy to
check that if u, v,w € V, then b(u,v,w) = —b(u, w, v), and in particular,
b(u,v,v) =0, Vu,vev. 3)

Using Holder’s inequality, Ladyzhenskaya’s inequality, we can choose the best positive constant
o such that

b, v,w)| <colulllv Il w2 1 w2, vuv,weV. (4)
From (4) and using Poincaré’s inequality (2), we obtain that

b, v,w)] < oAy " lulllvillwill, Vu,v,weV. (5)

We will assume that f € L?(0,T; V"). For the term g, we assume that g:[0,T] X BCL_,(H) —
(L2())3, then
(g1) For any & € BCL_q(H), the mapping [0,T] 3 t » g(t,&) € (L?(Q))3 is measurable.
(g2) g(-,0) = 0.
(g3) There exists a constant L, > 0 such that, forany t € [0,T] and all §,n € BCL_(H),
9. &) —g@&m| < Lg 1§ —n lpcr_ooa)-
Some examples of g which satisfier (gl) - (g3) can be seen in [18] for more details.
We can rewrite the 3D Kelvin-Voigt equations (1.1) in the following functional form
{% (u + a?Au) + vAu + B(u,u) + x|u|f~u = Pg(t,u,) + Ph(t), in(0,T)xQ, ©)
u() = ¢(0), 6 € (—oo,0].

3. The existence and uniqueness of weak solutions

We first give the definition of a weak solution.
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Definition Given an initial datum ¢ € BCL_.,(H) with ¢(0) € V, a weak solution u to (1) in the
interval (—,T], T >0, is a function u € C((—,T]; H) N C(0,T; V) N LE*1(0,T; LA*1(0)) with
u(8) = ¢(0), 0 <0 and % € L2(0,T; V) + LE+V/E (0, T; LE+V/B(0)) such that, for all v € V, and
ae t€(0,T)

2 (), v) + @2((u(®), V) + V(@(®), V) +bu(®),u(®), v) + (kful 1w, v)
= (h(®),v) + (9 (t, ue), v).

Now we show the existence and uniqueness of weak solutions.

Theorem Consider h € L>(0,T;V"), g:[0,T] X BCL_o,(H) - H satisfying (g1)-(g3) and ¢ €
BCL_y(H) with $(0) €V are given. Then there exists a unique weak solution to (1).

Proof. (i) Existence. We split the proof of the existence into several steps.

Step 1: A Galerkin scheme. Let {v;}7Z; be the basis consisting of eigenfunctions of the Stokes
operator A, which is orthonormal in H and orthogonal in V. Denote V;,, = span{vy, ..., v, } and consider
the projector P,u = Eﬁl (u, vj)v;. Define also

u™(t) = XLy Ym,j (),
where the coefficients y,, j are required to satisfy the following system
%((um(t). v) +a? (W), v))  +v(@™(©),v)) + b™(®),u™ (1), v))
([P (), v)) = (h(E), v)) + (g (i), v)),
for j = 1, ..., m, and the initial condition u™(6) = B,,¢(0) for 8 € (—,0].

The above system of ordinary functional differential equations with infinite delay in the unknown

(N

¥m1(®)s o, Ymm (t)) fulfills the conditions for the existence and uniqueness of local solutions (see
[19], [20]). Hence, we conclude that the approximate solutions u™ to (7) exist unique locally on [0, t)
with 0 < t* < T. Next, we will obtain a priori estimates and ensure that the solutions u™ exist in [0, T].

Step 2: A priori estimates. Multiplying (7) by yp, j(£),j = 1, ..., m, summing up and using (3) we
obtain
W™ +a? 1 u™@ 1) +v I u™@©) 17 +x [u™ (t) |+ dx
= (h(®), u™ () + (g (ut™), u™ (1))
Using the Cauchy inequality and noting that |[u™ (t)| <Il u{" llgcy_, > We get

Zdt(

S (WmOFF + a® 1 u™ (@) 17) +v L u™() 1P+« [u™|B+1dx

< ThR@ LI w™@) I +Lg N ui Nper_omy (W™ (O]

Ilh(t)ll*

< Y || U™ () 124+ ===+ Ly ll uf" 3¢, o (H)’

and hence
i(|um(t)|2 +a? 1w () 17) +v Il u™ () 17+ 2ic [, [u™]Fdx

< IIh(t)II*

+2Lg Il uf ey w0 (H)*
Integrating from O to ¢, we obtain
(O + a? W™ () 12+ v [, 1 w™(s) 12 ds + 2k f) [, [u™|F*+ dxds

(®)
< [um(0)[2 + @ I u™(0) 1243 [ 11 A(s) 12 ds + 2Ly f, I ul I3 __ o ds.
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In particular, for any t > 0

sup |u™(t + 0)* + a® Il u™(t) IP<Il ¢ Igcs_ n+ @ Il (0) 112
—t<6=<0

1 t t
+;f0 Il h(s) I ds + 2Lgf0 (M Wgep_ o+ @® I u™(s) 1%)ds.
Since
Iuf M3e _ gt a® lu™() I

= max{ sup |[u™(t+ 0)|%+ a? Il u™(t) I sup |[u™(t + 0)|* + a? Il u™(t) 1%}
~t<f<0 f<—t

< max{_tsgepsolum(t + )2+ a? 1 u™(®) %1 @ Wgep_ oyt @® Iu™(@) 173,
we obtain
luf 13e ooy Fa Nu™@®) 12< 2100 ¢ gep_ g+ @ 1| $(0) II2
+= fy Wh(s) 12 ds + 2Ly [ (1ul e gyt @ Il u™(s) 1)ds.
By the Gronwall inequality we have
I uf® W3ep_ i+ @® I u™(t) 112
< ekt (I ¢ W3c_,n+ @2 1 9(0) 12+ f; (I h(s) I12)ds).

Then we obtain the following estimate: for any R > 0 such that Il ¢ llgc __ )< R, there exists a

constant C depending on v, Lg, f, such that
I uf® Wger_y+ @ 1 W™ (@) IP< C(T,R),Vt € [0,T], Ym = 1. ©)
In particular,
{u™} is uniformly bounded in L*(0,T; BCL_.(H)) N L*(0,T; V).

From (8) and the above uniform estimates, we obtain
vfot I w™(s) I ds + ZKfot Jo [u™(s)|#*dxds
[u™(0)|2 + a? || u™(0) ||2+%f0t I h(s) 12 ds + 2Lg [ WUl 12 __ ) ds
[u™(0)[2 + a? I w™(0) I+ f; (5 1 h(s) I3+ 2Ly C(T, R) ) ds.

Then we can conclude that {u™} is uniformly bounded in L?(0, T; V) n LE+1(0, T; LE*1(Q)).

IA

IA

Now, we prove the boundedness of {%}. We have

SO + @2 Aum () = —vAUT(E) — BB, u™) — kfu™ |1y
+Pph(t) + Pprg(t, ui).

(10)

From (5), (9) and (10), we obtain

I @™ + a?Au™) I,

< v IAU™ L I B u™) Lt il u™ llgpey. +1R(E) 1L+ g(euf) I,

< v Ium A TN w™ i W™ L gense HR(E) I+ 2% g (6w

< v U™ e W I w™ lygense IR o+ LA 2 U™ lper )
< C(T,R), Ym=> 1.

This implies that % (U™ + a?Au™) is uniformly bounded in
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L2(0,T; V) + LB+V/E 0, T; LBV/B(Q)).
Then {%} is uniformly bounded in L2(0, T; V) + LE*V/E (0, T; LE+V/B(Q)).
Step 3. Approximation in BCL_,(H) of the initial datum.
We will show that
P > ¢ in BCL_o, (H). (11)

Assume the contrary that (11) is not true. Then there exists € > 0 and a subsequence, relabeled the
same, such that

I Prndp(0) — d(0p) 1> €, Vm. (12)

One can assume that 6, — —oo, otherwise if 6, — 6, then P,¢(0,,) = $(0), since ||

Pnd(0) — Pnd(0) Il P (01) — B (8) | +1l Bpp(8) — ¢p(6) I=> 0 as m — +oo. But with
0y = —o0 as m — 400, if we denote x = GEer¢(0), we obtain that

Il PBrd(0r) — 0 (6p) 1=l Bad(61) — Prx Il +1l Bpx —x Il +1l x — ¢(6,,) 1= 0.
This contradicts (12), so (11) holds.
Step 4: Compactness results. We obtain
u™ —=* uweakly in L*(0,T; V),
u™ = win L2(0,T; V) n LF+1(0, T; LA*1(Q)),

L8 &0 [2(0,T; V) + LED/B 0, T; LE+D/B(Q)).

Since {u™} is uniformly bounded in L?(0, T; V) and {%} is uniformly bounded in L2(0,T; V) +
LB*D/B 0, T; LE+D/B(Q)) and by the Aubin-Lions compactness lemma, we deduce that u™ — u
strongly in L2(0, T; (L?())?). Thus, we have (up to a subsequence)

u™ > ua.e.in Qr.
From {u™} is uniformly bounded in L?(0,T; V) n LF+1(0,T; LF*1(Q)) and {%} is uniformly

bounded in L2 (0, T; V) + LE+V/B(0,T; LBFV/B (1)), by direct estimate (following the same technique
as in [3]) we can show that {u™} is Cauchy sequence in C([0,T]; V). Thus,

u™ - uinC([0,T]; V). (13)
We have
sup|u™(t + 0) —u(t + 0)|
< gf;x{ggptwmd)(e +t)—p(0+10), fllep<0|um(t +0)—u(t+0)|}

< max{|B,¢ — Plecr_o,H) _fggp<0|um(t +60)—u(t+6)}—0.

Then (11) and (13) imply that
u® > u; in BCL_.(H), Vt € [0,T].
Therefore, taking into account (g3), we have
g, u™ - g(-,u) in L?(0,T; H).
Finally, we can pass to the limit in (7) and conclude that u solves (1).

(ii) Uniqueness. Let u, v be two weak solutions of problem (6) with respect to the initial datum ¢
and ¢y in BCL_(H) with ¢(0), ¥ (0) in V.
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Setting w = u — v, we have
S (w2 +a? Tw I2) +v Il w 12+ b(u, u,w) = b(v, v, ) .
+ fo k(ulPu = P ) (u - v)dx = (g(w) — g(ve), w),
and w(0) = ¢(0) —YP(0), 6 € (—x,0].
It is well known (see, e.g. [22]) that there exist two nonnegative constants ¢ = p(f, k) such that
Jo, QuiP~u = w|F~ ) (u — v)dx = u [, (ulf~ + [v|F~H)|u - v|*dx = 0. (15)
Using (15), (14) becomes
SWPR +a? Iw 12) +2v T w 124+ [, (P + [olf D - v)2dx
< 2bwuw)|+2 [, lgu) — gl - w(t)ldx.
From (4) and the Young inequality we have
|b(w,w,w)I< co Il [wlY2 w172 20w 12+ C w11 w2,
where C = C(cy, v). Taking (g3) into account and using Young’s inequality, we get
%(lw(t)|2 +a? lw@®) 1®)+2vIiwl*< % w1124+ CllulI* [w|* + 2Ly | we llper_ oy IW(B)]

v

v
<chwiP+Clul® jw? + =

L
2 -9 2

lw|* + 7, I w llger_o
v 2 4 2,V 2, Lg 2

<TUWIPHCHul* Wi+ 0w 2432w i oy

Thus, we have

W(OI? + a? Il w(t) 12< [w(0)[2 + a2 | w(0) I2+ C [ Il u(s) I* [w(s)[2ds

L, t
+= z ds.
/11Jo Il ws Wgcr_o @y 9

Hence, we deduce that

Iwe Wer_ant a® 1 w(@) 1P ¢ =¥ I3er_ gyt @® 1| $(0) — (0 12

t L
¥ f (C1uCe) 1+ 32) (we Wt @ wis) I7)ds
Applying the Gronwall inequality on [0, T], we obtain that
Il ue —ve "éCL_oo(H)'i' a? lu(t) —v(t) II?
< (N =¥ Wger_ it @® 1 $(0) = $(0) I7) x exp (€ i Il us) I* ds+ 7).

Since u in L*(0,T;V), we complete the proof of uniqueness.

4. Conclusion

In this paper, we have presented the 3D Kelvin-Voigt equations involving damping and unbounded
delays in a bounded domain Q c R3. We have shown the existence and uniqueness of weak solutions
by the Galerkin approximations method and the energy method. It is meaningful if we can establish the
existence of stationary solutions and global attractors for this model. We aim to investigate these
problems in future work.
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