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Abstract

We investigate the existence of a mild solution to the final value problem for a class of fractional reaction-
subdiffusion nonlinear equations, where the nonlinearity may take weak values. We want to demonstrate
the unique existence of a mild solution by using the Banach fixed-point theorem. In order to do this, we
construct some new estimates for the resolvent function and the resolvent operator, based on the existing
resolvent theory. From our point of view, the nonlinearity, which takes values in Hilbert scales, presents
some technical difficulties but allows us to examine broader classes of problems, since by which it can
contain a polynomial or gradient term arising from various physical circumstances.
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1. Introduction

Given a domain 2 € R%, assume that £2 is a bounded domain whose the boundary 912 is smooth.
Our problem has the following form:

du— 0 *(viAu —vou) = f(w)in 2, t € (0,T), (1)
u=0on d7, t >0, (2)
u(T,) =¢&in 0, 3)

here u(t, x) is a function defined on (0, T] X £2, the function f can be chosen willingly, v;, v, are positive

0 q_q - o . S
parameters, 0, = T 03~ % is the nonlocal derivative operator of Riemann-Liouville type, that means
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d t
v =2 f G (¢ = $)v(s)ds = 0,(ge * V(D)) £ > 0

a-—1
here g, (t) = ;(—a) € L1,.(R%), and the symbol "+" is used to denote the Laplace convolution.

In recent years, nonlocal partial differential equations, in particular, fractional partial differential
equations have received attention from mathematicians, thanks to the application of these equations in
modeling real-life processes. Among many branches of this research area, we focus on studying the
reaction-subdiffusion equations (see [1]—[3] for additional information of reaction-subdiffusion equations
in physics and chemistry). The subdiffusion process is a special case of anomalous diffusion,
characterized by a nonlinear relationship between the mean squared displacement and time. Anomalous
diffusion plays a crucial role in physics, such as the diffusion of proteins within cells or diffusion through
porous materials, where conventional diffusion equations are ineffective for modeling these phenomena.
Many studies have demonstrated the advantages of fractional models over classical models in describing
anomalous diffusion processes, where the fractional derivative can be considered with respect to both
time and space variables. The fractional derivative with respect to the spatial variable can be used to
describe the spreading of particles with a rate which is inconsistent compared to classical Brownian
motion, this diffusive motion is known as Lévy walk and can be simulated using the Riesz-Feller
fractional derivative with respect to the spatial variable, as specifically addressed in the work [4]. In the
paper [5], the authors study the long and short time behavior of the solutions to a class of non-local in
time subdiffusion equations, using tools of the theory of Volterra equations. When examining ecological
models in biology, the problem of determining the population density of a certain species is posed in [6],
with a non-local diffusion component and a nonlinear reaction component. Some works on numerical

solutions for the reaction-subdiffusion equation can be found in the literature [7]-[10].

One efficient tool used to describe anomalous diffusion processes is fractional calculus. We consider
a class of reaction-diffusion equations as follows

o:u(t,x) — 0; fot Jo(t — $)Au(s,x)ds = f,t > 0,x € Q, (R-D)
where g, (t) = %, @ € (0,1),t > 0 and A is an elliptic operator.

The existence and finite-time blow-up of solutions for the class of equations (R-D) have been studied
in [11], [12]. The existence, uniqueness of solutions, and stability, as well as the regularity of solutions
for the parameter identification problem with the reaction-diffusion equation of the form (R-D), where
A =v;A—v,,v; >0,v, >0, have been studied in the paper [13].

For a class of reaction-diffusion equations of the form (R-D) considered above, the external force f
can be considered either linear or nonlinear. In the case where f = f(u) is a nonlinear function, it is often
assumed to take values in the space L2 (Q) with Q © R® in order to utilize many useful tools. However,
this assumption has its limitations, since f may be difficult to express in polynomial form such as f(u) =
[u|P,p > 1 or to include gradient components such as f(u) = h(x) - Vu, where h is a function of the
spatial variable x € ). To overcome this limitations, one can assume that f (1) belongs to Hilbert scales
of nonpositive order and make use of the relationship between Hilbert scales and fractional Sobolev spaces
(see [14]-[16], [19]-[20]). On the other hand, the final value problem arises when there are no
observations at the initial time, and in that case, we need current observations to detect the previous states
of the system. This problem emerges from many practical applications in signal processing, image
restoration, medical diagnosis, etc (see [17], [19], [20]).
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In this paper, we study the existence of a mild solution to the final value problem for a class of
fractional reaction-subdiffusion nonlinear equations, where the nonlinearity may take values in Hilbert
scales of nonpositive order. We first establish some estimates for the resolvent operator in Hilbert scales
and this enables us to demonstrate that the solution operator admits a unique fixed point in a suitable space
by using the Banach fixed point theorem. Additional information of the techniques used in this paper can
be found in [18]-[20].

2. Estimates for resolvent operator

We want to emphasize that the nonlinearity f can take weak values, in other words, f belongs to a
Hilbert scale of nonpositive order. To recall the notion of Hilbert scales, we consider the Laplace operator
subject to the homogeneous Dirichlet boundary condition denoted by the symbol —A. Then —A4 can be
represented as follows:

+ 00
—8= ) A Coenden,
n=1

where {(e,, 1)} is the eigensystem of —A satisfying that 0 < 4; < A, <+ <1, = +o0asn - +oo,
and we also recall that {e,,} is an orthonormal basis of L?(2). Here the notation (-,) stands for the scalar
product in L2 ().

For ¢ = 0, consider the function space

+00
He:={p € 2(@) | Il @ I2:= Zlﬁ (p,en)* < +°°}

n=1

and its dual space H™? and the duality pairing ("), , on H™¢ X HC. The space H™¢ can be equipped

with the norm
+o 2
g l12y:= Z An? (@, en)—gp
n=1
We can see that H¢z & H9t and H™9t & H™92 when g, = g, = 0. The set of all Hilbert space HE,
o € Ris called the Hilbert scales. So if f belongs to a Hilbert scale of nonpositive order then f can be

< 00,

chosen in a space which can be larger than L?(12).
For the formulation of mild solution, we consider the following relaxation problem:
W' @)+ WA +v) (g *w)' () =0,t>0 @)
w(0) =1, %)
where w is a scalar function (we call it resolvent function), A, vy, v, are positive parameters. Integrating
both sides of (4) we have
w(t) + (A +v3)(ge * @)(1) = 1. (6)
We now find the representations and estimates of the resolvent function by using the properties of
the Mittag-Leffler functions. The Mittag-Leffler function E, p is given by:

E =Z—, eCalpf>0.
ap(2) 0F(an+ﬁ) z B
n:

By using the Laplace transform, one has:
s(t,A) 1= Eq1(—AtY);7r(t, A) 1 = t* 1E, o (—At%) (7
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where 4 is positive parameter, are solutions of the following Volterra integral equations
st + [, go (t—Ds(t,D)dr =1, £ 20, (8)

r(t, D) + A f] go (t = Dt 1)dT = go(t), t > 0. (9)
We can easily see that (6) is identical to (8) with w(t) is replaced by s(t, 1), 4 is replaced by v, 1 +
v,, and the Laplace convolution is written in integral form. Note that when A > 0 then the function s(t, 1)
is completely monotonic on (0, o), that means (—1)"%5(& A)=0foralln =0,1,2,---and t > 0.
Some properties of s(t, 1) are listed in the following proposition (see [13]):
Proposition 2.1. Suppose that s(t, 1) is a solution of (8). Then
(a) We have the lower and upper bound for s(t, 1) as follows:

—<s(, 1) <
1+

> V£ 0, 1>0.

rl+a)

(b) For each t > 0, the function A —~ s(t, A) and the function t ~ s(t, 1) are nonincreasing.

14+Ar(1 —a)t

(¢) The function v(t) = s(t,D)vy + fot s (t — 7, A)h(t)dT is the solution of

V'(t) + A(ge *v)'(1) = h(),
v(0) = v,

By applying Proposition 2.1 for w, we obtain the following estimate:

L < w(t,viA+vy) <

oA aE = vt >0, 1>0. (10)

(Vll+1/2)ta 4
r(i+a)

In the next step, we will find the solution representation for the linear initial value problem (consider
F = F(t, x) for simplification):

u— 0 %(viAdu—vu) =F inf,t € (0,T), (11)
w=0 ondn, te[0,T], (12)
u(0) =n inf, (13)

where F € C([0,T]; L?(12)).

Since {e,,} is an orthonormal basis of L?(2) (we have mentioned above), we can assume that

u(t) = Z w, (Dey, F(t) = Z E, (t)e,.
n=1 n=1

Putting that into (11), one gets

un,(t) + (Vl/ln + VZ)(ga * un)’(t) = Fn(t);
U, (0) =1y, 1= (1, ).

Using the Proposition 2.1(c), we have
Up(6) = w(t, vy + V)N + 0 (v Ay + v3) * By (8).

Therefore
u(t) =Sn+ S *F(), (14)
where S(t) is the resolvent operator given by
SN = Laz1 0 (6, vidy +v2)Nen, 1 € L2(O). (15)

https://sj.hpu2.edu.vn 83



HPU2. Nat. Sci. Tech. 2025, 4(2), 80-91

We can see that S(t) is a bounded linear operator on L2(2) for all t > 0. Finally, we construct the
solution formula for the final value problem in the linear case:

du — 0t *(viAu —vou) = F inf,t € (0,T], (16)
w=0 on dn, te(T] (17)
w(,)=¢ inQ, (18)

here F € C([O, T]; L? (.(2)). From (13), let t = T we have:

T
£ =S(Tn + j S(T - DF ().
0

Then

n=S(T)"? [g — JTS (T - T)F(T)dl'].
0

Therefore, the solution of (16)-(18) is given by
u(t) =P@O[§ =S *F(T)]+S*F(), (19)
here

P(8) = S(OS(N™ = B ZZEB (- ep)e. (20)
The properties of S and P can be shown in the following lemmas.

Lemma 2.1. Suppose that {S(t)}¢s0 is a family of resolvent operators given by (15), v € L?(2)
and T > 0. Then fory,y' € (0,1), u > 0and g € C([0,T]; HF=2YY"), we have

t

1-ay’ 2p1 _ ,
IS=g(t)%2<M, Fp— fot(t -0 || g(v) Wa—zyy dT, where M; = (rd+a) v vzzyv1 vy

Proof. Assume that g € C([0,T]; H¥~2Y7 ). Then

[ee]

||5*g(t)||i=21z<fo

n=1

t

2
w(t =7,V + Vz)gn(f)dr> » gn(D) = (9(1), €3).

By using the Holder inequality we have
¢ 2
<f o (-t + vz)gn(r)dr>
0

t t
< <J w(t—1,vA, + vz)dr> <f w((t—1,v, + vz)lgn(r)|2d1> .
0 0

From (10) we have the estimate:
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1

vy (%An + 1) (t — 1)
'l+a)

(l)(t _T,Vl){n +V2) <

1+

1

= Y
v C—lﬂ%) (t—1)®
1+ 2
r'l+a)
(ra+o)”
T v
v Y B (¢~ e
V2

(ra+a)”
Vz(l—y)wvry /uflw(t _ T)ay,’

here we use the inequality 1 + b = b* with b > 0,k € (0,1), and k take values y,y' € (0,1).
Then

(ra+a)” ff L
Vz(l—y)wvry'&y' o (t—T) '

IA

t
f w(t—1,vA, +vy)dt
0

_ (ra+ )" —(-or

N vz(l_y)y'v{'y' 21— ay’

_ (ra+w)" e
vz(l_y)y'v{'y' LA ay'

16

In the other hand, we have

dr.

ft lgn@1A(r 1+ a))”
0

t
w(t—1,v A, +v2)|gn(D|?dr < —
fo n n 1/2(1 1914 vi’)/ /177/11’ (t — 7)o

So

¢ 2
<f w(t—1,vA, + vz)gn(r)dr>
0

t rf g (@]
1-—ay' J, =1

<A ((ra+ @) v o)

Set (r'(1 + a))zy'vzz(y_l)y'vl_zyw = M,, we obtain

Y tm "t g (D)
1-ay' )y -0

I S * g(t) "ﬁ < Z Aﬁ—zyl’l
n=1

tl—ayl t
=)™ 1 g(0) N5—zyy dr.
ay’j(; u=2yy

172
The proof is complete.

Lemma 2.2. A family of operators {P(t)} given by (20) has the following properties:

@1If v,¥ € (0,1), u > 0and & € HAF 20D then || P(£)¢ 12 < 72 My 1| € 12, 2¢1_yyn). Here
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1 AN
o= o3 -or) oy

(b) Fory,y" € (0,1), u > 0 and g € C([0, T]; H¥+2-41¥"),
1 ay!
IP@OIS*gMIN; < MOMlt‘Z“V’

f (T =) 1| () 12szsyys @
Proof. (a) We consider

I P(OE IE = By 2% (Letndntv)) e e = (g,c,). @1

w(T,v1An+Vv3)
We first obtain the following estimate:
w(t,vidy, +vy) < 14+ (A, +v)Ir (1 —a)T®

(T, v, +vy) (VA +v)t*
r'l+a)

Vz) a
=+ (v +22)rd -7
1, (Vl - ( a)
VA1 'v, e
(ra+a)”
1 V2 a
o+ (v +/1—1) rd-a)T
i )1V vy e
(ra+a)”
—-yy! 1 V2
/‘{; vy (/1—1 + (V1 + /1—) F(l - O!)Ta)
X (F(l + a)) v2 2 Wemayn
here we use (10) and the inequality 1 + b > b* with b > 0, k € (0,1). Set

1+

< i

IA

An

(- (v 2)ra-or) wa sy =,

substitute into (21), we get

IP(OENE <t M, Z 2017 g2
n=1
= 672" Mo I € s 21—y

(b) By applying the estimate in (a) and Lemma 2.1, we obtain
IP@OIS*g(MIIE <t Mo IS * g(T) I 420-)

Ti-ay
< M0M1t_2ay' f (T =)~ 1 g(©) Ijs2-ayy: dr.

The proof is complete.
3. Existence of mild solution

To deal with (1)-(3), we need the following hypotheses (F) for the nonlinearity f:

(F) The function f: H* — H~9 satisfies f(0) = 0, here u > 0 and @ is nonnegative. Moreover,
there exist nonnegative functions Ly and € such that for u, v € H* we have
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I f@) —f@) g < Le(Mull,lvil,) lu—vly,
and
Ly (p,Pp") = £:W)Ls(p, p), for allh, p,p’ > 0.
Based on (19), we deliver the definition of solution for (1)-(3) as follows:
Definition 3.1. Let p > 0. A function u € C((0, T]; H) is called a mild solution of (1)-(3) if
u(t) = P(E - P(®) [ S (T — Of (w(®))de + [, S (t = Df (u(®))dr, 0< t < T.
We look for the solution of (1)-(3) in the function space

VY = {u € C((0,TI; HM): w(T,) = § and |l w llyay::=sup t [l u(t) ll, < +o0},
t>0

here u, @,y are positive and ¢ is a given final data.

Theorem 3.2. Let u € (0,1], 0 < y,y' < 1such that u < 4yy' — 2. Assume that (F) holds with 0 =
4yy'—2—pu . Then there exist p*>0 and B >0 such that if &l s201—9yn< P and

—ayr
sup t2®A(H)]| < 1 here
1- ay! e (0%]

6L} M0M1 A(T) + 227" M
Ly = hmsup Lf (o, "),
p.p1=0
AY) = [ (t — 1)~ T2 g, (2 )24,
then the problem (1)-(3) has a unique mild solution w in VE*V" satisfying Il u l 4oy, < p”.

Proof. We consider the solution operator

T
d(u)(t) = P(t)¢ — P(t)f S(T - T)f(u(r))dr + ftS (t - T)f(u(r))dr, 0<t<T.
0 0

We can see that @(uw)(T) = &, since P(T) = I (here [ is the identity operator). In the first step, we
want to find p* > 0 such that (D(Bp*) C By, where B, is a closed ball in V#“"" centered at 0 with

radius p*. Choose { > 0 such that the following condition holds:

1-ayr 1-ayr

6(L;* + ) [MoM ! A(T)+/12W" M A | <1
¢ o1 11—0('t23)pr] =1L

From the definition of L}, one can find p* > 0 so that

2
(Lf(p, p’)) < L}Z + ¢, forall p,p’ < p*.
For u € B+, we estimate the solution operator as follows:
I e@@®) 17 <3 NP®ENE+3IPOS*F@MINE+31S* @) 1%
=3[L(D) + 1 (©) + I3(8)].
By applying Lemma 2.2, we obtain the estimate:
L) =1 P(OE L < t™2' Mg || € ||,2H.2(1_yy/)- (22)

In addition,

I = IP@IS * fF@ (DI < MMt ‘Z“V’: —

f T =~ f w@)|;

pt2- 4YV

< M0M1

£72" [N =)™ Ly (lu(@) |, 0)2llu(@) |2 de

1-ay’
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< M0M1 P~ ez’ f (T = O~ Lz 2L @ (@)1, 0)?llu (@) 1 2dT
< MM, = — t 207" 52 [T — 1)~ 0729Y 1 (2 )2 L (2 |[u (D) ||, 0) 2l
< MM, — t 207 p*2 (L% 4 Q) [ (T — ©) = 07247 (z97") 2. (23)

To deal with I5(t), we use Lemma 2.1. One can see that

tl-ayr ot
IS+ FEO® I1Z < MyT— J (t =) || f(u() 12_,,, dr
tl-ayr
< Ty f (t =D " I F(u(D) Pazsyy d

By using the same arguments as in the estimate for I,(t), one can have
2yy1=2,, ' 2.2 t - - -
L) < A7 My o P 2(Lf +97) Jo (& = D)7 772 g (") "2 dr. (24)

From (22)-(24) we obtain

2 | o w)(D) 112
2 T1 ay!
<3M, Il ¢ ||,L+2(1 . 3(L;° + ) [MgMy ——— T A(T)

tl—ayl
+ Any’_le T ayl tZa!ylA(t)]p*Z

2 L .2
<3M, Il ¢ "y+2(1—YY’)+§p

-1
Choose § = (,/6M0) p*, with | § l y42(1-yyn< B we have

2" | @(w)(t) I12< p*? forall t € (0, T].
Therefore @(u) € B,,-.

The second step is showing that @ is a contraction mapping on B,-. For w, v € B+, one gets

Il @) (@) — PW)(8) II2
<20 PO(S*[fw) = F@IM) 12+ 2 1S+ [f(w) — F]©) 12

T1-ay’
f T = | (D) = F(2(D) Prazayys d

< 2M0M1 —Zafy/

2 2y t'” ay'
r—
+ 2257

f (=0 | f(u(@) = F(2D)) IBszesyyr d

Notice that
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f (= | f(u(@®) = F(2(D)) Bszesyys d
0
sj.a—TY“WLAHu@)thdﬂHQZHu@)—VQNﬁdT
0

t
< f (t _ T)—ayl T—Zaylf(ray )—2
0

X Le (T (@) ll, v 1 v(@) 1) [r29 1 u(@) - v(@) 12]de
< (L4 )A® Iw—v 13y

Therefore

1-ayr
2 | o) () — eI 12 < 2(L}% + ) [MoMyt =2 - y,A(T)

, t1-ay!
-
FT My AT N =Y By,

1 2
<=llu—vwl

3 way forallt € (0,T],

this implies that @ is a contraction mapping on B,+. The proof is complete.

Example 3.3. We now give an example of a function f that satisfies the assumption (F) and the
assumptions of Theorem 3.2. Let {2 be a subset of R%, d > 2. The parameters y,6,y,y’ are given in
Theorem 3.2. Consider the function f(u) = |u|P.

2d _2d
a0’ P = d-2u

For@ =4yy' —2—u>0, if we putq = ,q = then + - = é. Applying the

u+0’
general Holder inequality for u € LP~D4(Q),v € LP(2), we get
I ulP~tv e < |u|7”_1 lallvils

= lu IP5 ol v 15

L(p g
Assume that (p — 1)§ < P, then it follows from [20, Lemma 3] that H* c Hi () c LP(Q) c
L®=Da(0). Hence || [u[P" v ll,a < C; llu ||H;1|| v llge, where C; is a positive constant which is not
depend on u and v. Moreover, we also have L1(2) ¢ H=? ¢ H™? (from [20, Lemma 3]). Therefore
there exists a constant C, such that || |u|?~tv ly-e < Cy Il u II%;lll v llge. With u,v € C((0, T]; H*),
one gets
I u@®IP = [v@®)IP llg-o < C5(Il u(t) ||§‘}’ﬂ;1 +1 v(t) ||€ﬂ;1) Il u(t) — v(t) liyn, where C; is a constant.
So the condition (F) holds for Lg(p, p") = C3(pP~* + pP~1) and £4(2) = AP~

4. Conclusion

In this paper, we study the mild solution of the final value problem for the reaction-subdiffusion
equation. The main contributions of this paper include several new estimates related to the resolvent
operator in Hilbert scales and sufficient conditions for the unique existence of mild solution. This research
issue allows us to consider broader classes of nonlinear functions, which play important roles in physics.
In subsequent works, we want to study the regularity with respect to the time variable of the solution,
specifically Holder regularity.

https://sj.hpu2.edu.vn 89



HPU2. Nat. Sci. Tech. 2025, 4(2), 80-91

Acknowledgements

This research is funded by Hanoi Pedagogical University 2 Foundation for Sciences and Technology
Development under Grant number: HPU2.2023-CS.08.

References

[1] K. Seki, M. Wojcik, and M. Tachiya, “Fractional reaction-diffusion equation,” J. Chem. Phys., vol. 119, no. 4,
pp. 2165-2170, Jul. 2003, doi: 10.1063/1.1587126.

[2] S. B. Yuste, L. Acedo, and K. Lindenberg, “Reaction front in an 4 + B — C reaction-subdiffusion process.,”
Phys. Rev. E, vol. 69, no. 3, p. 036126, Mar. 2004, doi: 10.1103/PHYSREVE.69.036126.

[3] S. D. Traytak, “Fractional differentiation method: Some applications to the theory of subdiffusion-controlled
reactions,” Phys. Rev. E, vol. 110, no. 4, Oct. 2024, doi: 10.1103/physreve.110.044145.

[4] D. D. Trong, N. M. Dien, and T. Q. Viet, “Global solution of space-fractional diffusion equations with nonlinear
reaction source terms,” Appl. Anal, vol. 99, no. 15, pp. 2709-2739, Nov. 2020, doi:
10.1080/00036811.2019.1582030.

[517.C.Pozo and V. Vergara, “Long and Short Time Behavior of Non-local in Time Subdiffusion Equations,” Appl.
Math. Optim., vol. 89, no. 2, Mar. 2024, doi: 10.1007/s00245-024-10116-7.

[6] N. H. Tuan, V. V. Au, V. A. Khoa, and D. Lesnic, “Identification of the population density of a species model
with nonlocal diffusion and nonlinear reaction,” Inverse Problems, vol. 33, no. 5, p. 055019, Apr. 2017, doi:
10.1088/1361-6420/aa635f.

[71 Y. Zhou, H. Qin, and M. Stynes, “A second-order implicit—explicit (IMEX) method on graded meshes for
nonlinear time-fractional reaction—subdiffusion problems,” Calcolo, vol. 62, no. 1, Jan. 2025, doi:
10.1007/s10092-025-00634-3.

[8] Y. Jiang and H. Chen, “Convergence analysis of a L1-ADI scheme for two-dimensional multiterm reaction-
subdiffusion equation,” Numer. Methods Partial Differ. Equ., vol. 40, no. 6, May. 2024, doi:
10.1002/num.23115.

[9] T. Kumari and Pradip Roul, “An efficient computational technique for solving a time-fractional reaction-
subdiffusion model in 2D space,” Comput. Math. Appl., vol. 160, pp. 191-208, Apr. 2024, doi:
10.1016/j.camwa.2024.02.018.

[10] X. Cheng, W. Xiong, and H. Wang, “An optimal estimate for linear reaction subdiffusion equations with
Neumann boundary conditions,” Stoch. Dyn., vol. 23, no. 08, Oct. 2023, doi: 10.1142/s021949372340004x.

[11]R. Castillo, M. Loayza, and A. Viana, “Local Existence and Non-Existence for a Fractional Reaction-Diffusion
Equation in Lebesgue Spaces,” Fract. Calc. Appl. Anal., vol. 24, no. 4, pp. 1193-1219, Aug. 2021, doi:
10.1515/fca-2021-0051.

[12] B. de Andrade, G. Siracusa, and A. Viana, “A nonlinear fractional diffusion equation: Well-posedness,
comparison results, and blow-up,” J. Math. Anal. Appl., vol. 505, no. 2, p. 125524, Jan. 2022, doi:
10.1016/j.jmaa.2021.125524.

[13] T. V. Tuan, “Existence and regularity in inverse source problem for fractional reaction-subdiffusion equation
perturbed by locally Lipschitz sources,” Evol. Equ. Control Theory, vol. 12, no. 1, p. 336, 2023, doi:
10.3934/eect.2022032.

[14] N. Van Dac, T. D. Ke, and V. N. Phong, “On stability and regularity of solutions to generalized Rayleigh-
Stokes equations involving delays in Hilbert scales,” Evol. Equ. Control Theory, vol. 14, no. 2, pp. 289-312,
2025, doi: 10.3934/eect.2024055.

[1S]N. T. V. Anh, T. D. Ke, and D. Lan, “The final value problem for anomalous diffusion equations involving
weak-valued nonlinearities,” J. Math. Anal. Appl., vol. 532, no. 1, p. 127916, Apr. 2024, doi:
10.1016/j.jmaa.2023.127916.

[16] Nguyen Van Dac, T. D. Ke, and T. Phuong, “On stability and regularity for semilinear anomalous diffusion
equations perturbed by weak-valued nonlinearities,” Discrete Contin. Dyn. Syst. - S, vol. 16, no. 10, pp. 2883—
2901, Jan. 2023, doi: 10.3934/dcdss.2023071.

[17] B. Kaltenbacher and W. Rundell, “On an inverse potential problem for a fractional reaction—diffusion equation,”
Inverse Problems, vol. 35, no. 6, p. 065004, May. 2019, doi: 10.1088/1361-6420/ab109e.

[18] D. Lan and P. Tuan, “On stability for semilinear generalized Rayleigh-Stokes equation involving delays,” Q.
Appl. Math., vol. 80, no. 4, pp. 701-715, May. 2022, doi: 10.1090/qam/1624.

https://sj.hpu2.edu.vn 90



HPU2. Nat. Sci. Tech. 2025, 4(2), 80-91

[19] T. D. Ke, T. B. Ngoc, and N. H. Tuan, “Final value problem governed by a class of time-space fractional
pseudo-parabolic equations with weak nonlinearities,” Math. Methods Appl. Sci., vol. 47, no. 6, pp. 5307-5328,
Feb. 2024, doi: 10.1002/mma.9866.

[20] P. T. Tuan, T. D. Ke, and N. N. Thang, “Final value problem for Rayleigh-Stokes type equations involving

weak-valued nonlinearities,” Fract. Calc. Appl. Anal., vol. 26, no. 2, pp. 694-717, Feb. 2023, doi:
10.1007/s13540-023-00133-8.

https://sj.hpu2.edu.vn 91



