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Abstract

Analytic formulas to express one-loop contributions to lepton flavor violating decays of the Standard
Model-like Higgs boson h — ejeﬁ are calculated in the general gauge R, for the general seesaw version
of the Standard Model. The calculation is performed using the Passarino-Veltman functions, which
include various well-known relations useful for analytic transformations. This calculation also requires
precise forms of the couplings of the Goldstone boson of W*, which are model-dependent. We
demonstrate analytically that the final result is gauge-independent, namely, the free unphysical parameter
€ of the R, gauge vanishes completely. Moreover, the resulting decay amplitude is consistent with those

previously calculated in different gauges, including the unitary gauge.

Keywords: Higgs boson, Beyond Standard Model, lepton flavor violating decays, one-loop contributions,
neutrinos, etc

1. Introduction

The lepton-flavor-violating decays of the Standard Model-like Higgs boson (LFVh ) are currently
being searched by experiments at Large Hadron Collider (LHC) [1]-[3]. They are hoped to be clear signals
of new physics beyond the prediction of the Standard Model (SM). Theoretically, LFVh decays were
studied in many Beyond the SM (BSM) including the simple extensions of the SM with heavy neutral
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leptons introduced to accommodate neutrino oscillation data. For models predicting that LFVh decays
receive contributions from loop levels, the analytic formulas for the one-loop gauge-boson contributions
were all calculated in particular gauges such as 't Hooft-Feynman and unitary. The two respective results
were shown to be consistent, implying that the final amplitudes do not depend on the unphysical parameter

that defines the gauge R, appearing in the propagators of massive gauge bosons. In this work, the

calculation will be performed in the general gauge R, focusing on a simple BSM with new neutral

leptons that explain the neutrino oscillation data through the general seesaw (GSS) mechanism. To the
best of our knowledge, this proof using analytical techniques has not been reported previously; therefore,
our work is original and provides new specific relations between gauge bosons W™ and their Goldstone
bosons, which will be useful for further studies of BSM with complicated gauge boson spectra.

2. Detailed calculations

Detailed discussions on LFVh phenomenology related to the seesaw (SS) neutrino were given in
many works [4]-{9]. The model we study in this work is a class of the SM extensions relating to the GSS
mechanism [9], [10]. The Feynman rules of the couplings relating to LFVh are collected in Table 1

Vertex Coupling Vertex Coupling
hWHwW™ igmyg,, hG7, Gy, _igm;
2my,
hG:, W™ ig hGy, W™ ig
W ?(p+ —DPy )“ W 3(1)0 —Pp_ )u
ne W' ig v en W’ ig o
iva''u —=U 'YP a1 _UYPL
\/5 ai L \/5 ai
neGy | __ 12 yi(mp —m P enGy | & v (mp —m P
\/Emw al( a” R n; L) \/Emw al( a” L n; R)
hn.n. —ig . he, e igm,
] 7\,P +7\,P a~a —
2mW|: ijo L ij R:| 2mw

Table 1. Couplings relating to LFVHD in seesaw models with 7\.ij given in Eq. (1) and p,, , being incoming

momenta ofh, G, and G, respectively.

where the coupling hGy, Gy, is consistent with one given in Refs. [4], [5], [11]. Here we use the notation
consistent with the standard Feynman rules introduced in Ref. [12] that
7\‘ij = 7"ji = Z(mniU;iUZj* +mnchvijU<vﬁ*)7
= (1)
and U" is the total mixing matrix that is defined precisely in Ref. [9] along with the analytic formula of
the total mass matrix M"

The propagator of the gauge boson W* with mass m,, in the general gauge R, is[13]
—i k"k"
PO = [g““+(§—1)—2 j
k™ —mjy, k

2
—&my,

)
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which can be considered in the unitary gauge (u) as follows

v u)pv —i v kaV P (u)py
HmPE™ =Py (k*) = ——— [g” -— j:(—l)Pvé ().
] k —mw Il’lw

3

The formula of the propagator of the respective Goldstone boson G7, absorbed by W~ is
L T pw (k2)=0: Unitary (u)
K-tml, oW PR

W 4

Therefore, contributions from diagrams including the Goldstone boson in the unitary gauge always

PO (1:2)= PO (12) =
iPE (k") = RS ()

vanish. The results of one-loop contributions to LFV/A decay amplitudes in the two gauges, ’t Hooft-
Feynman and unitary, were given in Refs. [5], [6] and [9], respectively. The two total results, denoted as
A, rin these gauges, are consistent with each other, as expected. Therefore, we do not repeat them in this
work. On the other hand, in the unitary gauge, the gauge boson propagator has a special property that is

useful for our calculation in the gauge R&. Namely, the formula of the gauge boson propagator P\(,f)“v
can be written in terms of two separated parts as follows [13]

P\(f)“v (k%)= P\(;‘)”V (k) + PV(VT)HV (k*),
— k'Y —k"kY

X
2 2 2 2
my,  k*—&my, my,

P (k) = P (K%).
(%)
It is emphasized that the & dependent parts in the denominators of the two propagators of the W* and its
Goldstone boson G}, have the same form. As a result, this part is considered as the propagator of a particle
with mass méw = &mfN in our calculation. When summing contributions from all one-loop diagrams, the

result will divide into two parts, in which the first is exactly the one derived from unitary gauge, which is
completely independent of & . In contrast, the second consists of all terms with the same form of the -
dependency, suggesting a reasonable clue to ensure the zero value of this part with arbitrary & .

To express the effective coupling of the LFVh amplitude, the respective. The Lagrangian is written

normally as £"" = he, (A(Lab)PL + Aﬁfb)PR)eb +h.c., where A(:k;) are scalar factors derived from one-

loop Feynman diagrams given in Figure 1.

D1 e,

(6) (10)

Figure 1. Feynman diagrams contributing to the LFVh decay amplitude in the general gauge R £
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Limited in the SM extension adding GSS heavy neutrinos. Namely, using the Feynman rules, we will
write down all analytical formulas of i/\/l(([i)) (m =1,10) corresponding to 10 diagrams presented in Figure
1, which provide one-loop contributions to the LFVh decay amplitude. Then the total result
iM® = Z i ) is identified with iu_a(A(Lab)PL +A{P, )Vb. The LFVh partial decay width is

m)

I'h—ee,)=I'(h—ee)+I'(h—>ee,)~m, (| AP P+ AP P ) /(8m), where m, >m, ,m,
and m_,m, being masses of charged leptons, respectively. The on-shell conditions for external momenta
are p; =m’ (a=1,2), p;=m; (a<b=2,3),and q* =(p, +p,)’ =m; , with m, =125 GeV. The
internal momentum corresponding to three propagators is denoted as k, k, =k—p,, and k, =k +p,, as

presented in one-loop three- and two-point diagrams (1), (7), and (8) of Figure 1. In the following, the one-
loop contribution to A(ab) will be calculated in the general gauge R, with every analytic formula divided
into two parts: the unitary part and the remaining part dependent on the gauge parameter & . Then we will
prove analytically that the sum of all £ -dependent parts will vanish. We will use the transformation

d*k
I 2mn)*

express the final result in terms of the Passarino-Veltman (PV) functions [15], [16], which are useful for

- J-Dk for the dimensional regularization technique [14] to evaluate all Feynman integrals, then

numerical calculations with LoopTools [17]. The Feynman rules in Table 1 give the following specific
formulas for one-loop contributions corresponding to the 10 diagrams depicted in Figure 1.

<a>_ZjDk><u [ Ur,P Lj@[\%m'yv j

x(igmy, g, )P (k7 )P (k3),

&= ZjDkxu ( U;:yuPle(_Kl+mni)x g (%P + 2P )

2 2
st k; —m, 2my,

i(—k/2+mn.) ;
X K2 2 : (\/%UVYVP vaxP\(é)“V(kz),
—m

2 nj
: i(K+m :
—| 1g vk ( ni) 1g v
1./\/1(@) 2 J.Dk Xu, (ﬁUai YHPLJ e mi_ (_ m Uy } (m, P, —m, P v,

w

i .
x—2(q+k,), P (kP (K2),

NG

(E..) ZIDkxu[ j UV*J(mP -m P)M[ﬁU;ivaLjvb

W

2 (k, - q), PO (2P (k2),

1
X_
2
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(K+m)

Il’lni

© = ZjDkxu( ﬁig UV*J(mP —m, )
m

. 3 2
12 v 18My |5 (1,.2yp @) (1,2
x| — U [((m.P, —-m P )v, x| ——=1 P~ k)P (k?),
( /2 w blj( b* R n; L) b |: 2 W:| G ( 1) G ( 2)

. 2 1 _K+
@—ZjDkxu ( \/Elri ] U) Uy (m,P, —m, P )%
w 1 n

i,j=1

i

. X, +m )
—1g * ( 2 0
x m, (M‘PL + }\’ijPR )kg——mzjj(mbPR — manL)Vb X P((f) (k2 ),

(K+m)(glﬁv 3

— g v*
1/\/1((2) IJ.Dkxu’(\/EUd‘ Y j—kz—mz \/5

ny

1(12{1 + mb) —igm, v

2

o X P (D),

p; - 2my,
© _ZJDkX 1gm 1( P(z +1121 )( ig ULy, P j
My, pz m, \/5

nl g v v
Xm(ﬁU ’YVP ij P(‘%)H (k )

(K+m)

Il’lni

© = ZjDkxu( ﬁig UV*J(mP ~m, )
m

| Lo
{_ 1g—UE}mbP —m, B "I T i,

'\/Emw :

p;-m,  2m,,
+ "
® —ZjDkxu x zlgm i 17'2 M, )[ ig U’ ](maPL—mn_PR)

10) 2 \/_m

W p2 a

x I(Jf+ mzni ) - 18 Uy |(m,Py —m, P )v, XPéé) (k;),
k —m, \/Emw i ©

where Dy =k*—mj and D, , =k} —my, with m=1,2; and X=n,,G,W . The unitary gauge

relates to only four diagrams: (1), (2), (7), and (8). We will prove that the sum of all deviations between

two calculations in the general gauge R, and unitary is zero. Namely, the deviation from the diagrams

(1) is shown as follows

© M
idM, =i X
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3

P (k/+m )Vv Vo

9 u
Y UyUy DK
i=1

x5 [ PO (KPS (k3) = Py (kP (k3) |

O,ni

g mW ZUV*UV J.Dk ayukvaLVb Xgaﬁ

0,ni

X{P\(,\,T)W(klz)P\(,vT)vﬁ (k;)—i—P\gJT)M(kf)P\(;)VB(k;)-I—P\(Nu)““(klz)P\(yT)vﬁ(kg)}’ )

where P~ (k7) and P\(Ni)VB (k3) are written in terms of the formula given in Eq. (5). After contracting

all Lorentz indices, we obtain

uy | _ Dk %[, K MK P, v, |(k k)

0 DDD

’ 2 v¥r TV Dk —_— kk
8 zUaiUbij—xua[klm(]_%zlz)}PL b

2my, T Do,ni D, ¢D,w W

S Dk — k k
_ g ZUaiUbiI—Xua[KZWZ_M(ZIZ)}PL .

1d

2my, T Do,niDl,WDZG w (8)
Two diagrams (3) and (4) appearing only in the gauge R, are expressed as follows
—i’g’ < Dk v
5 = ., Z:, Iﬁ[ ayu(mb/l@R_mrzliPL)Vbj|X(q+k2)vP\(?§)u (ki)
U U Dk — X [k.(q+k,)]
ZID “5ob. a[wu@—# (Kt —m? )P,
3 9 vir v
g U U.Dk r— )
- u_n u - -m: )P v, |x|k,.(q+k,)|,
4m3)v ilJDO,niDl,GDz,G[ ak1( ,k/P(z ni) L b:| [ 1(q 2)] o
and
UYU'Dk — X, [k, (k q)]
T Sy LA ua(pk—mi.){u{ ~ -l
My, = IIDO,niDl,GDZ,W 1 ' 1 w L b
2 UV*UV Dk —
Z’[D D D a(p(l'k/_mii)Kz [kZ'(kl_q)]PLVb'
(10)

In the same way as the above calculation, we get the following deviations after subtracting the
unitary-gauge parts

(é) iM ) g Ve TV _a(KZman{k’lk’PL +7\'ijmni’l<l(2'KPL)Vb
18M,, =i = ZU U J.Dk X . ,
L=l meo,GDl,niDz,nJ
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K,Kk/P (7 +mb)Vb

mDD

iBM, = iME —iMS) = o m)ZUV*UV e
b

15/\/{(8) — 1/\/1((&) _IM(u)

ZUV*UVjDk (Ffﬁm)KKKPV
4(mb - my, D, D (an

The formulas for all remaining diagrams not appearing in the unitary gauge are

MO = -i’g’ mh ZUV*UV jDkx u, (m, P —mniPR)(J(’ +m, )(mbPR -m, P)v,
4m W DO,niDl,GDZ,G
i U Uy, Dk
=1 iDl,GDZ,G

Xu—a[_(mak/—mii )17{2 +mii/1(1:|PLVb’

2

h
3
W

UY'UYDk

@)_ -g’ z ai “bj
3
WDO,GDl,niDZ,nJ

i,j=1

u[ (p(lk/+m )K+km J(’( ,1(/p(2+m )} Vi

iME = ZI U:ULDk
K 4(m mb) szDO,n-Dl,G

xu_a[mb (mal(/—mﬁi )PR +miiK1PL}(yl +my)v,,

&= ZJmUVI;Ung E(‘P@era)[ ( K —m? )p(ermzk/} Vs

(12)
where the on-shell Dirac equations (K,P_+m,P,)v, =(K,P +P, =PV, = KP, and
u (J(/P +m,P, )=u KP to derive the result in the last line of 1./\/1(({")

Summing two deviations relating to one—loop two-point diagrams (7) and (9), we get
Mg = 18M) +1M,,
“e'm, g USUDK
4(m§ _mi)mi)v i=1 DO,niDl,G

Xu_a{-[(DO,ni -m;)K, _maklz:|PL —m, (mak_mii )PR}(pl +m, )V,
(13)

where we have used J(/l,l{k/1 =¥k’ -m})+m,(m’ —k*-k})= ,k/l(kz —m?)—m_k;. Next, the sum

of deviations relating to two similar one-loop two-point diagrams (8), and (10) is

10 Mg, 19 =10 Mg +18 M,
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—g’m, 29: U U; Dk
4(m —m ) = Dz’G

><u_a(—p(2 +m,) {'k/zm(zPL - |:mamb'1(PR + miiKPL - ml’zli (m,P + mbPR):|} vy

UV*UV Dk
4(m mb)mW IZ;J.

Xu—a(ma - P(z) {' DO,niKZ + kzljz + szkpz + mak/ljz + mamii }PLVb’
(14)
where we have used ¥, ¥K, = k> (K, + )+ /p(zk/,yfz .

From now on, we will use the unitary property of U” that Z U Uy =8, =0, with a#b, for

terms being independent of the index 1, namely

i UZjUlekx DO,niKm . Dk X Km X Sab _ 0
i=1 DO,n~D Dm,G , (15)

with m=1,2 and a#b. This leads to beautiful and simple formulas of the mentioned deviations as

follows

i, = S [P T o i, ) o,

W i=1 lG
Uy, Dk —
BM.1) = g - ZI [(k/,p(z +m, )PL:|Vb
w i=1 2G 1 (16)

Regarding the sum of the two diagrams (2) and (6) containing two neutrino propagators, we have
50 g <& UyUpDk
1 2+6)
4mw i.j=1 DO,GDl,niDZ,nJ

i frim, [ (m 1 )4 -

+7»ijmni [K(mbKZPR + mfleL)—kk/zk/PL}}vb

3 . Xijmn_ }\,ijmn
jUV Uy Dkxu, ] L KPv,
4mw i,j=1 O,GDZ,n- DO,GDl,ni
([ m m.. .
YUy Dk xu, —+ ! ' Vi»
DO,GDZ,n- DO,GDl,n-
i i (17)

where we have used the following property of A ; given in Eq. (1)
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3

ZQZUZTKE}=Z[(MV*)ad+U§j*mnj63d} Uym, ,ZUVK =Ulm

i=1 d=1

3. Results and discussion

Now we focus on the sum of the deviations relating to four one-loop three-point diagrams containing
two boson propagators, using well-known properties that q° = mﬁ and q =k, —k,, which result in
useful relations for our calculation, such as k,.(q+k,)=-k; +2k k,=ki-m; and
k,.(k, —q) =k; —m; =2k, k, -k} . Defining i8M3), =iS M +i8M® +i8M® +i8M , we

separate i3 M;), into three following parts

i (i) ___5 g ZUv*UvI — Eoo i Eow " Ewa Pv,,
o,n. D, .D D, .D D, D

where

Foo = (KK ) () +; —mi) + K (=K, =i ) x (1 —m)
+(m K =m2 K, (1 —m)—m; [ —m K, +m? K —m? (m, - p) |,
Fow = 2my KKK, = 20 KK, (k K, )+ (m K =m? ) [ md (K, - o) - K, (2K, k, —k2) ],
Fu = 2my KoK, = 2K KK (K, ko) + [ miy (1 + Ko) = K (2K K, + K7 ) [ (=K, —m? ).

(18)
After some simple intermediate calculation, we derive that
Fao =Dy, (KK, +K2K ~miK),
Fow = 2D, [my ) —2(k, k,)), |+ (m K —m )K,D,
Fug = 2Dy, [ mi K, =2k k)X, |- K, (Kg, + m} )D, .. 19)

We emphasize that the simple form of F; arises from the model-dependent couplings hGy, Gy,
given in Table 1. Also, Eg,, and Ey,, result from the model-dependent of the couplings hW*GY, .

Consequently, all terms proportional to Do,ni appearing in Eq. (19) vanish when inserting in iSMIféL

then applying the unitary property of U". Now, the final sum of all deviations is written in terms of the

PV-functions as follows

IBM =i8M), +i8M,, ) +i8 My, +18 Mgy,

(-m K +m; )k’ m, ¥
;Uy, [Dkoxu, Pva
Dy, Dy D D,
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e KU miK
g3 ZU; U;iJ.Dqua ¥ —+ .
4mw i=1 DO,niDZ,G Do,GDz,ni

+

P.v,

9
e —m, Y UL U, {-A()(mgwnm; [Bl(pi;méw,miiH(Bl+Bo)(p§;mii,méw)}}

i=1

i=1

+ 9 U:i*UtV)i {'Ao (mcw )+ mii [Bl(pz;méw ’mﬁi )+ (B1 +B, )(pj;mii ’méw )}}P(z s

(20)
where we use the standard notations for PV-funtions given in Refs. [18], [19], consistent with Ref. [9]
after redefining opposite signs in PV-function B, and C,. The final result expressed by the last formulas
given in Eq. (20) is exactly zero because of the two following points: 1)

Bl(pi;méw,mii)+Bl(p§;mii,méw)+B0(p§;mii,méw)=0; ii) and the unity that U" gives.

Z?ZIU:: Uy A, (mGw )< 3, =0. We confirm that our calculation can be cross-checked step by step

using the FORM package [20]. Now we finish our calculation with a final conclusion that the formula
iM® for the sum of all one-loop contributions to the LFVh amplitude is completely independent of the
unphysical parameter & of the general gauge R..

4. Conclusions

In this work, using standard Feynman rules and mathematical methods, we prove precisely that the
total one-loop contributions to the LFVh amplitude of the GSS extension of the SM are independent of
the gauge parameter & . This work again confirms the general conclusion that the final physical amplitude

is always independent of an unphysical parameter like & . However, the calculations require precise forms
of the gauge-dependent couplings involving the Goldstone boson G, . Finally, we would like to note
here a very interesting feature we derive from our calculation in the general gauge R, . Namely, the sum

of the class of similar Feynman diagrams, which are the same if the propagators of gauge and Goldstone

bosons are distinguishable, do not vanish as expected; see the formulas of iSM), i8./\/l((2?6) , i8./\/l((7é+)9)

, and i8/\/l((§+)w). However, these sums are all written in terms of the two-point PV functions so that one

can easily use the well-known relations among these functions to derive the final result. This property
may be useful for further studies of the gauge dependence properties of LFVh amplitudes in BSM

theories with many new gauge bosons apart from W*.
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