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Abstract

This paper presents a comprehensive investigation into several advanced applications of variational
analysis, with a particular focus on the roles of special normal cones and directional subdifferentials at
infinity. By extending classical tools of nonsmooth and variational analysis to unbounded settings, we
establish directional optimality conditions at infinity and derive sufficient conditions ensuring the
existence and compactness of global solution sets for vector optimization problems. The theoretical results
obtained contribute to a deeper understanding of optimization behavior in asymptotic regimes.
Furthermore, illustrative examples are provided to demonstrate the validity and applicability of the
proposed results, highlighting their potential use in future research on infinite-dimensional and unbounded
optimization problems.
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1. Introduction

The Mordukhovich subdifferential constitutes a fundamental instrument in modern variational
analysis, offering a rigorous framework for investigating nonsmooth and nonconvex functions. It extends
classical subdifferential constructions and plays a pivotal role in deriving optimality conditions and
analyzing stability phenomena in optimization and control theory (see, e.g., [1]-[8], [9]-[13]).

In recent developments, Kim et al. [14] introduced the notions of normal cones at infinity for
unbounded sets, together with limiting and singular subdifferentials at infinity for extended real-valued
functions. Their framework enables a systematic description of function behavior “at infinity,” together
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with calculus rules and characterizations of Lipschitz continuity in that regime. These constructions have
proved useful in various optimization contexts, including the analysis of weak sharp minima, necessary
optimality conditions, and stability properties. Subsequently, Tung and Son [15] investigated Clarke-type
tangent cones at infinity and developed a corresponding subdifferential calculus to establish necessary
optimality conditions. Building upon these results, Tuyen [16] derived sufficient conditions for the
existence of error bounds at infinity in lower semicontinuous inequality systems and formulated
optimality conditions for constrained problems. Moreover, Tuyen et al. [17] extended these ideas to the
setting of nonsmooth minimax optimization.

More recently, Anh and Hung [18] studied normal cones and subdifferentials relative to a set,
providing refined calculus rules and extending earlier results from [19]-{21]. They further introduced
notions of normal cones and subdifferentials with respect to a set at infinity and applied these concepts to
derive optimality conditions, investigate the compactness of solution sets, and verify coercivity properties
for unbounded optimization problems. In [22], the authors explored normal cones and subdifferentials at
infinity in a prescribed direction and demonstrated their applicability to nonsmooth optimization
problems.

Motivated by these recent advances, the present paper develops several applications to vector
optimization problems by employing the results of [22]. The paper is organized as follows. Section 2
reviews fundamental notions and preliminary results from variational analysis, focusing on special normal
cones and subdifferentials in directions at infinity. Section 3 presents applications to vector optimization
problems.

2. Preliminaries

2.1. Notation and Definition

Throughout the paper, denote N: ={1,2, ...} and let R™ be the Euclidean space with the usual scalar
product {-,-)} the corresponding Euclidean norm ||-|| where n € N. The closed unit ball and the
nonnegative orthant in R™ are denoted, respectively, by B and R%. The closed ball centered at the origin
with radius R > 0 is denoted by Bg. Let D be a subset of R™. We say that D is locally closed if for any
x € D there is a neighborhood U of x such that D N U is closed. The interior, the boundary, the positive
hull and the convex hull of D are denoted, respectively, by intD, bdD, posD and coD. As usual,
S:={x € R|||x|| = 1} is the unit sphere in R", R: = R U {oo} is the extended real line. The notation
X — oo means that ||x|| — co. The asymptotic cone of D, denoted by D®, is defined by

X
D°°:={uEIR{”:EI ty = +oo,x, €D, t—k—>u}.
k

When D = @, we put @ : = @. It follows from [3, Proposition 2.1.2] that D is bounded if and only
if D® = {0}.

Given an extended real-valued function f : R* — R. The effective domain and the epigraph of f are
denoted, respectively, by

domf: ={x € R" | f(x) < 4o}
and
epif : ={(x, @) ER"XR | a = f(x)}.

We say that f is proper (resp., proper at infinity) if domf is nonempty (resp., domf is unbounded).
The function f is called lower semicontinuous (1.s.c.) if its epigraph is closed.
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Let F : R™ 3 R™ be a set-valued mapping. The domain of F are given by
domF:={x € R" | F(x) # @}.
The set-valued mapping F is called proper if domF # (.
For a set-valued map F : R® 3 R™, the Painlevé-Kuratowski outer/upper limit of F at X is defined
by
LimsupF(x): ={y € R™ | 3x; = X,y - y with y, € F(x;) Vk € N}

X=X

and as x — oo we define

LimsupF(x): ={y € R™ | 3x; — o,y, — y with y;, € F(x;) Vk € N}.

X—00

2.2. Normal Cones and Subdifferentials

Definition 2.1. Let 2 be a nonempty subset of R™ and let X € 2 (see [10], [11]).
(1) The regular/Fréchet normal cone to {2 at x is defined by
oo : (v,x — X)
N(x;Q)={veR*| limsup———— <0},
P T =
0
where x —— X means that x — X and x € (2.
(i1) The limiting/Mordukhovich normal cone to {2 at X is given by
N(%; ) = LimsupN(x; ).
xiné
When % ¢ 2, weput N(x;0) = N(x;0): =0.
Definition 2.2. Given a function f : R" — Rand a point X € domf.
(1) The regular/Fréchet subdifferential of f at X is defined by
f(@):={veR™| (v,-1) € N((x, f(®)); epif)}.
(i))The limiting/Mordukhovich subdifferential and the limiting/Mordukhovich singular
subdifferential of f at X are defined, respectively, by

af(x): ={v e R" | (v,—1) € N((x, f()); epif)},
and

0°f(x): ={v eR™ | (v,0) € N((%, f(X)); epif)}.
2.3. Normal Cones and Subdifferentials at Infinity

This subsection provides definitions of normal cones and subdifferentials at infinity (see [14]).

Definition 2.3. Let £2 be an unbounded subset in R™. The normal cone to the set  at infinity is
defined by

N(o;2): =LimsupN(x; ),
n
X——00

0
where x —— oo means that ||x|| = o and x € 0.

Definition 2.4. Let f:R" - R be an ls.c. function that is proper at infinity. The
limiting/Mordukhovich and the singular subdifferentials of fat infinity are defined, respectively, by

If(@):={fueR"| (u,—1) e N},
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0%f(w): ={u e R" | (u,0) € N},
where V': = LimsupN((x,f(x)); epif ).

xX—00

Definition 2.5. (see [14], [15]) Let f:R™ - Rbe an l.s.c. function. We say that f is Lipschitz at
infinity if there exist constants L > 0 and R > 0 such that

[f(x) = fxD)]| < L|lx —x'|| forall x,x" € R™\ Bg.
2.4. Directional Normal Cones and Subdifferentials at Infinity
In this subsection, we introduce directional normal cones at infinity for unbounded sets, along with
directional limiting and singular subdifferentials at infinity for extended real-valued functions (see [22]).
Let £2 be a locally closed and unbounded subset in R™ and u € S.
Definition 2.6. The normal cone to 2 in direction u at infinity, denoted by N, (oo ; u), is defined by

Ny (oo;u): = LimsupN(x; ),
nu

X—

1.€.,

0 X =~
Na(eo510): = {£ € RP 3 = 0,00 0,6y € MG ), 6 &}
k

It is easy to show that if u € 2%, then N, (o0 ; u) = @. So, we consider the case u € 2° N S.
Definition 2.7. Let u € R™. A neighborhood of the infinity in direction u is defined by
Vres(o;u): ={z e R" \ Bg: |lz|lull —ullz|lll < Sllz||[|ull}
for some R > 0 and § > 0.
By directly computing, we have
R*\ Bg, if u=0,
Ves(oo;u) = {Z €R™\ Bg:

z _d ” < 5} if w0
———|| < 6¢, if u#oO.
Izl [lull

Let f: R™ - R be an Ls.c. function and u € S and we assume that domf is unbounded in direction
u,i.e.,u € (domf).

Definition 2.8. The limiting and the singular subdifferentials of f in direction u at infinity are
defined, respectively, by

Of (0;u): =y €R"|(§,—1) €  Limsup N((x,r):epif)},
xm»oo,rzf(x)

0%f(0o;u): =1§ €R™|(§,0) € Limsup N((x,r):epif)}-
xﬂ»m,rzf(x)

Definition 2.9. Let f : R™ — R be a real-valued function and u € R™. We say that f is Lipschitz at
infinity in direction u if there exist L > 0, R > 0, and § > 0 such that
If () = fI < Llix =yl Vx,y € Vg s(o0;w).
Proposition 2.1. (see [22, Proposition 3.13]) The function f is Lipschitz at infinity in direction u if
and only if 3 f (oo ; u) = {0}. In this case, the set df (o0 ; u) is nonempty and compact.

Proposition 2.2. (see [22, Proposition 3.15]) Let 2 be an unbounded subset in R" and u € 2®° N
S. Consider the following set
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S:={xe|g(x)<0,i=1,.,mhi(x)=0,j=1,..,p},

where g;, hj : R - R,i=1,..,m,j = 1,...,p, are Lipschitz at infinity in direction u. If S is unbounded
and satisfies the limiting constraint qualification at infinity in direction u, i.e., there do not exist 4; = 0,
i=1,..,m,and uj = 0,j =1,...,p, not all zero, such that

0€ X, 40g:(0;u) + X5y uj [0hj(0;1) U A(=hy)(0; )] + No(0; ), Lcey)

then
m 14
Ns(oo;u) < posi | Ja.giCeos ), | [my(e05w) U a(=hy) (03] + Ny(oo ).
i=1 j=1

2.5. Directional Optimality Conditions at Infinity

In this subsection, we present several applications, including directional optimality conditions at
infinity, existence, and compactness of the solution set.

Let f: R™ - R be an L.s.c. function and 2 be a nonempty and closed subset of R™. We consider the
following optimization problem

min f(x), (P)
We always assume that:

(C,) domf N Q is unbounded.

(C,) f is bounded from below on 2 i.e., fi : = ig{fzf(x) is finite.
X

By [22], we have the following theorems.
Theorem 2.1. (see [22]) Let u € 2° N S. Assume that the following condition holds:

0% f(c0;u) N (=Np(c0;u)) = {0}. M

If there exists a sequence xj i>oo such that f(xy) = f.: =;g!f2f(x), then 0 € 0f (oo; u) +
Ng (005 u).
Theorem 2.2. (see [22]) Assume that (1) and the following condition
0 & df (o0;u) + Np(o0;u)
hold for all u € 2% N 'S, then Sol(P) is nonempty and compact.

3. Applications to vector optimization problems

Let 2 be anonempty closed, unbounded subset of R™, I = {1,...,m}, ] = {1, ...,p}and f;, g; : R" —>

R are L.s.c, Lipschitz at infinity in direction u, for some u € 2 NS, foralli € I,j € ].
Denote f: = (fi, o, fm), 91 = (g1 - 9p) @ :r?ealxﬁ; Fi={xen|g;x)<0,je]}

In this section, we always assume that F is nonempty and unbounded and ¢ is bounded from below
on F. For some u € 2% N 'S, we consider the following constraint qualification condition in direction u
at infinity:
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P
There do not exist f; = 0, € J such that Z B; > 0 and
= (H(w))
0€Xi_;Bjdgj(o;u) + No(o;u).
Let us consider a minimax programming problem
min__, max,_, f;(x) (MNP)
Theorem 3.1. For any u € 2% N S, the following statements hold:
0(max f)(e0;w) € co{0fy (0;u), .., Ifm (0 W)}, @)

% ( max fi) (oo,u) = {0}.

1<ism
Proof . It is easy to show that since f7, ..., f,,, are Lipschitz at infinity in the direction u, the function

max fi 1s also Lipschitz at infinity in the direction u. By Proposition 2.1, we have
<ism

a (f?é’,% ﬁ) (o0, u) = {0}.
We now prove inclusion (2). Take any & € 0 (1max fi) (o0, u), then by [22, Proposition 3.6] there
sism

u
exist sequence x; — oo and &, € 0 (f?%x fi) (xx) such that &, — & as k — oo.
=l=m

Using an argument similar as in the proof of Proposition 2.1 and since fj, ..., f,, are Lipschitz at
infinity in the direction u, we may assume that f;,i = 1, ..., m are locally Lipschitz around x;, with the
same constant M, for all k large enough. By [11, Theorem 1.22], ||v|| < M for all v € df;(xy),i =
1, ...,m and k large enough.

By [17, Lemma 2.2], we have
0 (max f;) (i) € co{@fy (xi), . fin (1))

Since &, € 0 (12'2)731}%) (i), there exist af = 0,i=1,..,m, X" al =1 and & € 3f;(xy),i =
1,...,m such that & = Y%, aj &. From the boundedness of the sequence ¢, and aj, and by passing to
a subsequence if necessary, we may assume that &, - &\, ap » a',i=1,..,mask - . And as k -
o, X —— o then &' € f,(o0,u). Hence, § = ym at & where & € df;(o,u),at =0, Y™, al = 1.
This mean that & € co{df; (o, w), ..., 0f, (0, u)} and (2) is proven. The proof is complete. O

The following theorem gives a necessary optimality condition of Karush-Kuhn-Tucker (KKT) type
at infinity to problem (MNP).

Theorem 3.2. Let u € 2 N'S. Assume that the condition H(u) holds. If there is a sequence

F,
Xk e such that @(xg) = @, : = i16171;<p(x), then
X
0 € co{dfi(o,u), ..., 0fm (o0, u)} + pos{UiZ, 9 gi(; u)} + No (oo ; u). (€)

F,
Proof'. Assume that the condition H(u) holds and there is a sequence x;, ", o such that o(x) =

¢.: = Info(x).
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Using an argument similar as in the proof of Theorem 3.1 and since f;, i € I, are Lipschitz at infinity
in direction u, then these functions are locally Lipschitz with the same constant Ly > 0 for all k large

enough and so the minimax function ¢ is Lipschitz at infinity the direction u. By Theorem 2.1, we have
0 € dp(co,u) + Ng (oo, u). 4)

By Theorem 3.1, one has
dp(oo,u) € co{df;(oo,u), ..., df, (o0, u)}. 5)

Applying Proposition 2.2 with the functions h; = 0, for all j € ], the set S is replaced by F and the

condition H(u) equivalent the condition (LCQ’), then one has
Nz (o0, u) € pos{UiZ, 9 g; (o0, w)} + Ny (o0, w). (6)

From (4), (5), (6), we obtain the inclusion (3). The proof is complete. O
Theorem 3.3. If, for each u € 2% N 'S, the condition H(u) holds and

0 & co{df;(co,u), ..., fy (0, u)} + pos U d g; (oo, u)} + Ny (oo, ).

=1

then sol(MNP)is nonempty and compact.
Proof . The conclusion is a direct consequence of Theorem 3.2 and Theorem 2.2. O
The following example can serve as an illustration for Theorem 3.3.

Example 3.1. Let 2 = Rand let f3, f5, g : R = R be l.s.c functions defined by

_ (=x—In(x), if x>0,
fi(x) = { —2x, otherwise,
f2(x) = —3x,
( )_{—x+1, if x<0,
9X) = 1—2x + 1, otherwise.

An easy computation shows that 2° N'S = {—1,1}. We have N, (oo, u) = {0} for all u € {—1,1}.
By direct computation, for all u € {—1,1} then 0% f; (oo, u) = d°f, (o, u) = d°g (o, u) = {0}. By
Proposition 2.1 implies that f;, f,, g are Lipschitz at infinity in direction u.

We consider the following cases:

Case 1: u=1. We have 0f;(o,u) ={—-1},df,(c0,u) = {—3},0g(c0,u) = {—2} . So, the
conditions of Theorem 3.3 are satisfied.

Case 2: u = —1. We also have df;(o0,u) = {=2},3f,(0,u) = {—3},0g(0,u) = {—1}. So, the
conditions of Theorem 3.3 are satisfied.

By Theorem 3.3, sol(MNP) is nonempty and compact.

To the end of this subsection, we discuss several applications for the following vector optimization
problem. Let us consider the problem:

Mingm{f (x) : = (f1 (%), ., fn (X)) | x € F} (VOP)

where f, g, F is defined above.
Definition 3.1. Let y € clf (F). We say that
(1) y is a weak Pareto optimal value of (VOP) if

https://sj.hpu2.edu.vn 82



HPU2. Nat. Sci. Tech. 2026, 5(1), 76-86

fE) N - intRY) = @.

The set of all weak Pareto values of (VOP) is denoted by val" (VOP).
(i1) y is a Pareto optimal value of (VOP) if

fE)N G -REN{0} = 0.
The set of all Pareto values of (VOP) is denoted by val(VOP)
(iii) x € F is a weak Pareto solution of (VOP) if

f(F) 0 (f (@)~ intRT) = 0.
The set of all weak Pareto solutions of (VOP) is denoted by sol” (VOP).
(iv) x € F is a Pareto solution of (VOP) if

fE) 0 (f(x) — RE{0}) = 0.

The set of all Pareto solutions of (VOP) is denoted by sol(VOP).

We have a theorem to say about the necessary optimality condition for a weak Pareto value at infinity
of problem (VOP).

Theorem 3.4. Let any u € 2% N S and y € val* (VOP). Assume that the condition H(u) is satisfied.

F,
If there is a sequence xj, ", % such that f(xx) = ¥, then there exist a : = (aq, ..., @) € RT\{0} and
B:= ([31, ...,ﬁp) € RY such that

0€ ) @ dfi(e0,u) + ) f0g;(e0,u) + No(eo, )
iel j€J
Proof . The theorem is proven by using similar arguments in the proof of [17, Theorem 4.1] and

results from Theorem 3.2. O

Theorem 3.5. Assume that the condition H(u) is satisfied for all u € 2° N S and val” (VOP) # @.

If
0 & co{df;(co,u), ..., 0 (0, u)} + pos{agl(oo, u), ..., gy (oo, u)} + Njp(oo,u) forallu € 2° NS,
then sol” (VOP) is nonempty and compact.

Proof .

Claim 1: sol” (VOP) # @.

Let y € val" (VOP) (since val” (VOP) # @). By the definition of the set val” (VOP), y € clf (F)
then there exists a sequence xj, € F such that f(x,) = ¥. By assumptions of the theorem and [17,
Theorem 4.1], the sequence (x;) is bounded (if otherwise, x;, — oo, then by [17, Theorem 4.1], we have
0 € cofdfi(oo,u),...,0f (0, u)} + pos{agl(OO, u), ..., 0gp (oo, u)} + Np(oo,u) , which is a
contradiction). So we may assume that x, = x € F. By the lower semicontinuity of function f; at x, we
have

fi(x) < liminff;(x) < Ilimfi(xk) =y,Viel= f(x) €y — R
X—X —00
We show that x € sol” (VOP). Indeed, if otherwise, then there exists x € F such that f(x) € f(x) —
int RT* . This implies that f(x) € f(x) —intRT c (y — RT") —intRT* cy — intRT , which
contradicts the fact that y € val" (VOP). So sol” (VOP) # @.
Claim 2: sol” (VOP) is bounded.

https://sj.hpu2.edu.vn 83



HPU2. Nat. Sci. Tech. 2026, 5(1), 76-86

On the contrary, there exists a sequence x; € sol” (VOP) such that x;, = o0, as k — oo. Using similar
arguments applied in the proof of Theorem 4.1, for each k we have
Xj, € argming [rrl)&gilx(ﬁ (x) — ﬁ-(xk))].

By [11, Corollary 6.6], for k large enough, there exist a, > 0, ,B,i >0, and ul, € 3f;(x), v,{ €
09 (xx), wy € Nq(x) such that

Yiel alic + Zje;ﬁ;i =1, (7
and
Mier a,icu;'c + Zjejﬁlfv,{ +w, =0. (3
By the Lipschitzness at infinity of f; and g;, then sequences u,ic,v,ic are bounded for all k large
enough. By passing to subsequence, if necessary, we can assume that a} — a;, ﬁ,ﬁ - Bj and ub > u; €
afi(OO,u),v,{ - v; €dg;(%,u) such that Y;e;a; + X ;6 =1 (by (7)). By (8), we have wy is
bounded, so w, - w € N, (oo, u). Hence,
Yieraiu; + Yje; Bjvi +w=0. )

If a; =0,Vi €1, then by (9), we have 0 € }j¢; B;0gj(0,u) + N (0,u) (where ¥ jc; Bj = 1),

which contradicts to H(u) holds at oo in direction u. Hence, Y ;c; @; > 0 and so
0 € cof{dfi(oo,u),...,0f;(c0,u)} + pos{@gl (0,u), ..., 0gp(0, u)} + N, (oo, u),

a contradiction.

Claim 3: sol” (VOP) is closed.

Let x;, € sol” (VOP),x; — x. We claim that x € sol" (VOP). If otherwise, i.e., X & sol" (VOP), then
there exists x’ € F such that

fi(x) < fi(o),vi el (10)
By f; Ls.c at x, we have f;(x) < liminff;(x) < lilgninfﬁ(xk),‘v’i € 1. This and (10), we have
X—=X —00

fi(x") < fi(xx), Vi € I, for all k large enough. Then, f(x") € f(x;) — intR7, for all k large enough.
Which contradicts x;, € sol” (VOP). So sol" (VOP) is closed. The proof is complete. O

Example 3.2. We consider the problem (VOP), with the set 2 = R and the functions f1, f>,g : R =
R are L.s.c functions defined by

_ (=x —In(x), if x>0,
fi(x) = { —2x, otherwise,
f2(x) = =3x,

(x)_{—x+1, if x<0,
I =12x + 1, otherwise.

Using the results of Example 3.1, we obtain that sol (VOP) is nonempty and compact.

4. Conclusions

In this paper, by the concepts of directional normal cones at infinity together with directional limiting
and singular subdifferentials at infinity introduced in [22], we propose several applications, including
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directional optimality conditions at infinity, the nonemptyness and compactness of the global solution set.
[lustrative examples were provided to highlight the effectiveness of the proposed framework.
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